GROUP ALGEBRAS

The aim of this note is to demonstrate how to give a quiver with relations for a given
finite dimensional algebra. In particular, we will deal with group algebras for example.
However, we do not give details in this note. The reader should follow them up.

Throughout this note, let k be an algebraically closed field of characteristic p and G a
finite group. Note that p is a prime or zero. The order of G is denoted by |G]|.

We always mean by an algebra and a module a finite dimensional k-algebra and a finite
dimensional right module, respectively.

1. THE CASE THAT p DOES NOT DIVIDE |G|

This section is devoted to studying a well-known result on semisimple group algebras.

A semisimple algebra is an algebra which is semisimple as a module, that is, it is a
direct sum of simple modules.

A crucial fact on semisimple algebras is Wedderburn-Artin’s theorem; e.g. [DK, Theo-
rem 2.4.3]. We leave the proof to the reader.

Theorem 1 (Wedderburn-Artin). Every semisimple algebra is isomorphic to a direct
product of matrixz algebras over k, and the converse also holds.

Observe that the matrix algebra M, (k) with size n has only one simple module S up
to isomorphism, whose dimension is just n. Moreover, the algebra can be written by a
direct sum of n copies of S as a module, i.e. M, (k) ~nS; e.g. [DK, Proposition 2.3.4].

This observation leads us to the following conclusion.

Corollary 2. Any semisimple algebra decomposes into the form niS; @ nySs @ -« - B nypSy,
where S;i's are pairwise non-isomorphic simple modules with dimension n;.

Now, we state a main theorem of this section; e.g. [A, I, 3, Theorem 1].
Theorem 3. The algebra kG is semisimple if and only if p does not divide |G].
Proof. Suppose that p divides |G|. We define an ideal J of kG by

J = {Zagg Zagzo}.

geG geG

(Check that this is exactly an ideal of kG.) Recall that the trivial module V is a kG-
module which is k as a vector space and has a trivial action, that is, fora € V and g € G
ag = a. Then, we see that the homomorphism ¢ : kG — V defined by Zagg — Zag

geG geG
has kernel J. (Check!) Hence, it follows from homomorphism theorem that kG/J is

isomorphic to V.
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On the other hand, let S be a subspace of kG spaned by o := deG g. Aso-h = o for
any element h of GG, S becomes a kG-module which is isomphic to the trivial module V.
Moreover, we observe that S is contained in J by p | |G].

Thus, we have a composition series kG O J O S DO 0 of kG, in which the trivial module
appears twice. By dim V' = 1 and Corollary 2, this does not occur in the case that kG is
semisimple.

Assume that p does not divide |G|. We show that any submodule N of a kG-module M
is its direct summand: If proved, then every kG-module, and also kG itself, is semisimple.
Since N is a direct summand of M as a vector space, we have a projection 7 : M — N of
a vector space. Define 7’ : M — N by

Note that this is definable, since |G| is invertible in k by p 1 |G|. For m € M and h € G,
we obtain

geG

=3 Z (mhg)g™" = ? > w(mg))g ™" h=x'(m)h,

geG | | g'=hg

whence 7’ is a homomorphism. Moreover, one observes 7/(n) = n for n € N by 7(n) = n.
By [DK, Proposition 1.6.2], it finds out that N is a direct summand of M. O

By Theorem 3, we obtain a quiver with relations of a group algebra in the case of p 1 |G/,
which has n vertices and no arrow, where n denotes the number of simple modules.
So, we have only to give a central decomposition of the identity of kG with minimal
(primitive) idempotents. To do this, we need the notion and the knowledge of the ordinary
representation of finite groups; e.g. [NT]. In particular, it is convenient to use ordinary
character tables: They will be put in each section, but we will not give any more details
about them. (See [NT, III, §1,2 and Theorem 2.22].)

2. ORDER 2

In this section, we give quivers with relations of kG, where G is the cyclic group Cy of
order 2. Let G = (g | g* = 1).
The ordinary character table of G is the following:

_Jilg
X1 1] 1
X2 | 1]—1

2.1. chark # 2. In this case, kG is semisimple by Theorem 3.
Note that the integer 2 is invertible in k& by char k # 2. So, we put

1 1
e = 5(1 +g) and ep = 5(1 —9).

One can easily check that these give a central decomposition of the identity with minimal
idempotents. So, we are done.
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2.2. chark = 2. We observe that the identity is a minimal idempotent. Putting
r:=1-—g,

one has 22 = 0. Now, it is not difficult to check that kG is isomorphic to the algebra
presented by the quiver
[ ] Q x

with relation 22 = 0. Thus, we get the quiver with relations of kG.

3. ORDER 3
We consider the cyclic group Cs of order 3 and let G = (g | ¢*> = 1).
3.1. chark # 3. It follows from Theorem 3 that kG is semisimple.

Let w be a primitive 3rd root of the identity, that is, w® = 1 and w® # 1 for any i = 1, 2.
We give the ordinary character table of G:

[1]9 |9
Glirtl1
Yo [ 1] w |w?
xal[1|w?| w

Then, we put

1 1 1
e = g(1 +9+9%), 2= 5(1 +wg +w?g?) and ez = 5(1 +w?g +wg?).

It is observed that these give a central decomposition of the identity with minimal idem-
potents. Thus, it is completed.

3.2. char k = 3. In this case, the identity is a minimal idempotent.
Putting

r:=1-—g,
we can easily check that kG is isomorphic to the algebra given by the quiver
® Q x

with relation #® = 0. Thus, we are done.

4. ORDER 4

In this case, there are two groups up to isomorphism: One is the cyclic group Cy and
the other is the elementary abelian group Cy x Cs.

4.1. The cyclic group. Let G = (g | ¢g* = 1).
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4.1.1. chark # 2. Let w be a primitive 4th root of the identity.
The ordinary character table of G is:

|19 ]9 |g°

Ll L1 1

Yo [ 1] w [w?|w?

s 1]w?|wd] w

xall|lwd| w |w?

Put

1 2 3 1 2,2 3,3
6121(1+g+g +9°), 6221(1—|—wg+wg +w3g?),

1 1
e3 = 4_1(1 +w?g+w3g? +wgd) and e4 = 1(1 +w3g + wg? + w?g?).

Check that these are the desired idempotents.
4.1.2. char k = 2. Putting
z:=1-—g,
observe that kG is isomorphic to the algebra presented by the quiver

.Qz

with relation z* = 0.

4.2. The elementary abelian group. Let G = (a,b | a> =1? = 1, ba = ab).
We give the ordinary character table of G:

H 1 ‘ a ‘ b ‘ ab
xt|[1] 1 1 1
xel[1] 1 |—1]-1
xzl[1]—-1] 1 | -1
xall[1]—-1|—-1]1

4.2.1. chark # 2. Show that the sum 1 = ey + ey + e3 + ¢4 is a central decomposition of
the identity with minimal idempotents, where e, e9, e3 and e4 are the following:

1 1
6121(1+a+b+ab), 6221(14‘@—[)—&[)),

1 1
6321(1—a+b—ab) and 6421(1—a—b+ab).

4.2.2. char k = 2. Show that kG is isomorphic to the algebra given by the quiver

yCOQm

with relations 22 = 0 = y? and yz = zy, where z := 1 —a and y := 1 — b.
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5. ORDER 5

We give the quiver with relations of kG, where G is the cyclic group of order 5. Let
G=(g]g=1).

5.1. chark # 5. Let w be a primitive 5th roof of the identity and put

1 .
e = 5(1 +g9+¢*+ ¢+ g, er = — (1 +wg + w?g? + w3g® + wigh),

1
63:5(1+w29+w392+w4g3—|—wg4), er = =(1+wig + wig? + wg® + wigh)

Ul — ot~

and

1
es = 2 (1 +w'g +wg’ +u7g’ +w'g").

Here, we give the ordinary character table of G:

|19 ]g*|g°|d"
MEEEEEEEE
xo [ 1] w [w?]w?|w?
sl 1]w?|wd|w?] w
a1l |w?] w | w
x5 [ 1w | w [w?|w?

Now, we are done.

5.2. char k = 5. The identity is a minimal idempotent and the algebra kG is given by

.Qm

with relation 2% = 0, where z := 1 — g.

6. ORDER 6

There exist two groups with order 6 up to isomorphism: One is the cyclic group Cg and
the dihedral group Dg.

6.1. The cyclic group. Let G = (g | g5 =1).

6.1.1. chark # 2,3. Let w be a primitive 6th root of the identity.
The ordinary character table of G is the following:

2 3

|19 |99’ |g" |9
Gt 1111
Yo l1] w|w?|w?|w?]|w?
xa[1|w? | |w?|w’] w
xall1]lwd|wt|w?| w |w?
s 11w W] w|w?|w?
Yo [ 1]w? | w [w?]w?]|w?




6 GROUP ALGEBRAS

Minimal idempotents appearing in a central decomposition of the identity are the fol-
lowing:

1 1
e = 6(1 +9+3+ @ +9g*+9°), ey = 6<1 +wg + w?g? + w3gP + wigt + W),

1 1
e3 = 6(1 +w?g+wig? + wlgd + Wit +wgd), es= 6(1 +wlg +wlg? + Wi + wgt + w?g®),

1 1
e5 = 6(1 +wlg+wg? + wgd + Wt + W3g°), es = 6<1 +Wg + wg? + w2 + Wit + wigd).

6.1.2. chark = 2. Let w be a primitive 3rd root of the identity and put

1 1 1
e = 5(1 +9°+4g"), ea= 5(1 +wg? +w?g?) and e; = 3(1 +w?g? +wg').

These give a central decomposition of the identity with minimal idempotents. Hence, we
see that A := kG is isomorphic to a direct product of three algebras by [DK, Theorem
1.7.7], namely, A; = ejAeq, Ay = eaAey and Az := ezAes.

Setting x := 1 — ¢3, prove that A; is the algebra presented by the quiver

N
</

with relation xf = 0, where z; := e¢;x and the vertex corresponds to e;.
6.1.3. chark = 3. We modify the case of char k = 2 as follows.

Minimal idempotents

1 1
ep = 5(1 +¢%) and ey = 5(1 )

give a central decomposition of the identity, whence A := kG ~ e;Ae; X egAes.

The algebra e;Ae; figures out to be given by

oy
</

with relation ? = 0, where z; := ¢;(1 — ¢g?) and the vertex corresponds to e;.

6.2. The dihedral group. Let G = (a,b | a® = b* =1, ba = a®b).
We give the ordinary character table of G

| 1|a,a®|b,ab,a®b
il 1 1
w1l 1 1
X3l 2| —1 0

6.2.1. chark # 2,3. Find a central decomposition 1 = e; + ey + e3 of the identity with
minimal idempotents:

1 1
61:6(1+a+a2+b+ab—l—a26), 62:6(1+a+a2—b—ab—a2b)

and 5
e3 = 6(2—a—a2).

Note that egAes is isomorphic to the matrix algebra Ms(k).
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6.2.2. char k = 2. Minimal idempotents

1 1
61:§(1+CL+CL2) and 62:§(Q—a—a2)

give a central decomposition of the identity, whence A = kG ~ e;Ae; X exAes.
The algebra e;Ae; is presented by the quiver

o D 1
with relation 22 = 0, where z; := e;(1 — b) and the vertex corresponds to e;.
The algebra ey Aey is isomorphic to the matrix algebra M (k).

6.2.3. chark = 3. Putting
1 1
ey = 5(1 +b) and ey = 5(1 —b),

it is obtained that 1 = e; + e is a decomposition of the identity. Let = := e;(1 — a)es
and y := ey(1 —a)e;. Then, we see that kG is isomorphic to the algebra presented by the
quiver

1—=2

Y

with relations xyr = 0 = yxy, where the vertices 1 and 2 correspond to e; and es,
respectively.

APPENDIX A. p-GROUPS

In this appendix, we study group algebras of p-groups, which are groundwork for the
modular representation theory of finite groups.

Recall that we have set p = char k and G as a finite group.

In the rest of this appendix, we assume that p divides the order of G, which implies
that kG is not semisimple by Theorem 3.

We would like to show the following important result.

Theorem 4. The group algebra of any p-group G admits precisely one simple module,
which s the trivial kG-module.

Before giving a proof of this theorem, let us recall fundamental facts of linear algebras
and groups: We leave their proofs to the reader.

We treat all numerical vectors as row ones, and hence the matrix algebra naturally acts
from right hand side. The identity matrix is denoted by F.

Let X be a matrix with size d. An eigen value X in k and eigen vector v in k¢ of
X are defined to satisfy vX = Av. To find eigen values, we consider the characteristic
polynomial Fx(z) := det(zF — X) with a variable z and solve the characteristic equation
Fx(z) = 0. Here, det stands for the determinant of a matrix. Note that any characterstic
equation absolutely has a root since the base field k is algebraically closed. For an eigen
value A of X, the eigen space W consists of all eigen vectors corresponding to A:

W={vek’|vX =}



8 GROUP ALGEBRAS

For a polynomial f(z) = Z?:o oz’ with a variable z, we substitute X for f(x) by
f(X) = Z?:o a; X*. Here, we regard X° as E. The minimal polynomial mx(x) of X is
the polynomial of the least degree with the leading coefficient 1 that has X as a root.

An important fact is the following:

Fact 5. Let X be a matriz. Then the following hold:
(1) If a polynomial f(x) satisfies f(X) = 0, then the minimal polynomial mx(x)
divides f(x).
(2) Every eigen value of X is a root of mx(x) = 0.

We also recall a basic fact on p-groups.
Fact 6. The center of any p-group has an element other than the identity.
Now, we are ready to prove Theorem 4.

Proof of Theorem 4. We know that every group algebra has the trivial module, and so one
should prove that a simple kG-module V is just the trivial one. Let T  be the corresponding
matrix representation of V.

We first show that the matrix X := T, has 1 as an eigen value for any element g of
G. Putting |G| = p*, we oberve X?" = FE. Taking into account p = chark, one has
0=FE— X" = (E — X)". By Fact 5, the minimal polynomial of X divides (1 — x)?",
whence 1 is an eigen value of X.

Thus, for every element g of G the eigen space W, corresponding to the eigen value 1
is a non-zero subspace of V:

W,={veV |vg=uv}

(For this, consider the canonical isomorphism Endy (V) ~ My(k) by V ~ k? as a vector
space, where d = dim V)

We show that W, becomes a submodule of V' if g lies in the center Z(G) of G, that is,
for any h € G and w € W,, wh € W,. By wg = w and gh = hg, we obtain equalities

(wh)g = (wg)h = wh,

which implies that wh belongs to W.

Finally, we show that V' is isomorphic to the trivial module. To do this, one has to
check vg = v forany v € V and g € GG, and dim V' = 1. Since W} is a non-zero submodule
of a simple module V, they find out to coincide. Now, we use induction on the order p"
of G. Since G is a p-group, we see from Fact 6 that the center Z := Z(G) of G has an
element z # 1 and the order of the quotient group G/Z is strictly smaller than that of G.
By the induction hypothesis, it is obtained that k[G/Z] admits only one simple module,
which is the trivial one. As V' = W,, observe that it also becomes a simple k[G/Z]-module
by v(¢gZ) := vg: To do this, we have to check that this action is well-defined and that
V' is also simple as a k[G/Z]-module. Hence, V' is the trivial module over k[G/Z], from
which we get vg = v and dimV = 1. O

We denote by D(G) the derived subgroup of G, which is generated by ghg~'h~! for all
elements g and h of G. It is well-known that D(G) is the smallest normal subgroup of G
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such that the quotient group is abelian. Therefore, we can write G/D(G) ~ Cy, x---xCy,,
with £;11 | ¢;. Then the p-rank of G is the number of ;s satisfying p | ¢;. By liy1 | 4, it
is the greatest non-negative integer r with p{ £, ..

We close this note by giving a useful result and examples on loops at the vertex corre-
sponding to the trivial module.

Theorem 7 (‘cite’). Let kG be presented by a quiver QQ and relations. Let t be the vertex
of Q corresponding to the trivial module of kG. Then the number of loops at t is equal to
the p-rank of G.

For example, let G be the elementary abelian group C5 x C5 of order 4 and p = 2. By
Theorem 4, we observe that kG has only one simple module, and so the quiver admits
precisely one vertex. It is evident that the 2-rank of G is 2, and we have already seen

that the quiver is given by

CeD
Thus, it is obtained that the 2-rank of the group and the number of loops coincide.
Let G be the dihedral group Dg of order 6. By D(G) = (a) and G/D(G) ~ C5, the 2-

and 3-ranks of G are 1 and 0, respectively. On the other hand, the quivers of kG are
1 Q if chark =2
1—=2 if chark=3

where the vertex 1 corresponds to the trivial module. This also says that the 2- or 3-rank
of the group coincides with the number of loops.
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