BASS NUMBERS AND BETTI NUMBERS OF COMPLEXES
OVER COMMUTATIVE NOETHERIAN RINGS

JUN-ICHI MIYACHI

Let R be a commutative ring, and let 0 — R — E° — E' — ... be a mini-
mal injective resolution of a free module R of one generator, and E* the complex
E° - E' - ... - E" — .... Bass studied injective resolutions of left Noetherian
rings, in particular, of commutative Noetherian rings [B1], [B2]. In the case of
commutative Noetherian rings, he introduced Bass numbers of R-modules as ap-
pearance numbers of injective indecomposable R-modules in their minimal injective
resolutions, and showed relations between the Bass numbers of rings and Goren-
stein rings [B2]. Roberts generalized Bass numbers and Betti numbers to the case
of complexes of R-modules, and studied relations between them using dualizing
complexes [Ro]. He also applied them to the new intersection conjecture [Ro]. In
the case of noncommutative Noetherian rings, we studied E* and injective resolu-
tions of left R-modules and relations between the Auslander-Gorenstein property
and the flat dimensions of R-modules [IM], [Mi]. In these papers, from the point
of view of derived categories we approached them. In this paper, using techniques
of derived categories we study relations between Bass numbers and Betti numbers
of complexes in the case of commutative Noetherian local rings.

First, for complexes X* and Y, we study Bass numbers and Betti numbers of
RHomp (X", V") and X'®EY", respectively. Then we have a result which con-
tains one of [Ro] 3.6 Theorem (Theorem 2.4). Second, we study Bass numbers
of complexes of finite projective dimension and Betti numbers of complexes of fi-
nite injective dimension (Theorem 2.8). Then we have more detailed data than
Auslander-Buchsbaum Theorem with respect to projective dimension and depth
(Corollary 2.9).

1. PRELIMINARIES

In this section, we recall basic techniques of double complexes and methods
of derived categories in order to use them in Section 2. For a commutative ring
R, let Mod R be the category of R-modules, Proj R (resp., proj R) the additive
category of projective (resp., finitely generated projective) R-modules, and InjR
the additive category of injective R-modules. We denote by C(ModR) (resp.,
CT(Mod R), C~(Mod R), C*(Mod R)) the category of complexes (resp., bounded
below complexes, bounded above complexes, bounded complexes) of Mod R. An
auto-equivalence T : C(Mod R) — C(Mod R) is called translation if (TX*)" = Xn+1
and (Tdx)" = —d%"! for any complex X* = (X", d%). Sometimes, we write X" [i]
for T*(X*). For an additive category B, K*(B) is the homotopy category of B.
D*(Mod R) is the derived category of Mod R, and D} (Mod R) is the full subcategory
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of D*(Mod R) consisting of complexes whose cohomologies are finitely presented R-
modules, where * = nothing, +, —, b.

For X*,Y* € C*(Mod R), a morphism v € Homc(mod r)(X*,Y") is called a quasi-
isomorphism if H" (u) are isomorphisms for all n € Z, where * = nothing, +, —,b.
A complex X+ = (X", d%) is called an acyclic complex if H*(X*) =0 for all n € Z.

Definition 1.1. A double complex C* is a bigraded R-module (C?*?),, ez of Mod R
together with &"? : CP4 — CP+1¢ and df;? : CP4 — CP9! such that

e = (Cp,q, d?q - OP1 Cp+1,q)

CcP = (CP#Z, d%’q - OP1 Cp7q+1)

are complexes satisfying d?’qﬂdffq + df;l’qdf’q =0.

A morphism f of complexes X to Y is a collection of morphisms fP-? : XP4 —
YP4 such that f¢: X9 — Y*? and fP*: XP* — YP are morphisms of complexes
for all p,q € Z.

We denote by CQ(Mod R) the category of double complexes of Mod R.

Definition 1.2. For a double complex X = (X2, d{"?, d}?), we define the fol-
lowing truncations:

Oifg<n XPlifg<n
(2, X1 =S Imd% if g=n (UISI”X")p’q = Kerd?ifg=n
XPlifg>n Oifg>n

Definition 1.3. For a double complex X = (X?7,d{"?, d}?), we define the total
complezes

. n mn no_ Pq Jn 12 D,q
T;)tC (X™,d"), where X ]_[p+q:nc .d Hp+q:nd1 +dy
T tC — Yn, dn , h Yn — Cp,q,dn _ dpﬂ dpﬂl-

o ( ), where Hp+q:n Hp+q:n 1ty

Definition 1.4. Let X, Y be complexes of R-modules. We define the double
complex X* & Y by

X %ZR Y= XP®RYq»

a? ., =di®rY",
I X QrY"

> _ (_1)p+qXp®quY
IX-®@rY"

and define the complex X* @z Y* by Tot X* ®r Y.
And we define the double complex Hom’ (X*,Y") by

Hom;%(X",Y") = Homgr(X P, Y7),
P = HomB(d: 271, Y9),

dI’(f-Iom'é(X',Y')
dijl’qum'é(X',Y') = (_1)P+CI+1 Hom%q(Xipa dt{/))

A
and define the complex Hom®% (X*, Y*) by Tot Hom% (X", Y™).
Definition 1.5. For u € Homc(mod r) (X", Y™), the mapping cone of u is a complex
M- (u) with

Mn(u) —_ X"+1@Yn,

dIT\LA-(u) _ [—dg;l 0 } :Xn+l@yn N Xn+2@yn+1_

un d'y
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In this case, we have a distinguished triangle in K(Mod R)

[9] [10]
_— _

X Sy M- (u) X1

Definition 1.6. Let R be a commutative ring. A complex X* € D2(Mod R) is
of finite projective dimension (resp., finite injective dimension) if there is a com-
plex Q@ € K°(ProjR) (resp., @ € K"(InjR)) such that X* = @ in D"(Mod R).
DP(Mod R)spa (resp., D?(Mod R)gq) is the full subcategory of DP(Mod R) consist-
ing of complexes of finite projective dimension (resp., finite injective dimension).
Then DP(Mod R)¢pa is the category of perfect complexes.

Lemma 1.7. Let (R,m, k) be a commutative Noetherian local ring. Then the fol-
lowing hold.

1. The following are equivalent for X € DE(Mod R).
(a) X+ € D>(Mod R)¢pq.
(b) For any Y+ € D°(Mod R), there is an integer n such that
Hompmoq r) (X", Y"[i]) =0

for all i > n.
2. The following are equivalent for X* € DE(Mod R).
(a) X* € D?(Mod R)sq.
(b) For any Y+ € D?(Mod R), there is an integer n such that
Homp(mod r) (Y™, X*[i]) =0
for all i > n.

Proof. 1. It is well known that the projective dimension

pdim M = sup{i| Ext% (M, k) # 0}
for a finitely generated R-module M (see e.g. [BH]). Then it is easy to see that
X € DP(Mod R)gpq if and only if there is an integer n such that

Homp (mod r) (X K[i]) = 0
for all ¢ > n. Therefore we have the statement.
2. It is well known that the injective dimension
idim M = sup{i| Exts (k, M) # 0}

for a finitely generated R-module M (see e.g. [BH]). Then it is easy to see that
X+ € DP(Mod R)gq if and only if there is an integer n such that

Homp (mod r) (k, X°[i]) = 0

for all ¢ > n. Hence we have the statement. |

The notion of dualizing complexes was introduced by Grothendieck [RD]. In
the case of commutative Noetherian rings, a dualizing complex U induces the
duality D = RHom%(—,U*) : D(Mod R) — D¥(Mod R), where (%, #) =(nothing,
IlOthiIlg), (+7 _)? (_? +) or (b? b)
Proposition 1.8. Let R be a commutative Noetherian local ring, U* a dualizing
complex for R. Then a duality D = RHomy(—,U*) : D?(Mod R) — D"(Mod R)
induces the duality between D (Mod R)spq and DP(Mod R)gq.
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Proof. According to Lemma 1.7, D?(Mod R)gq is the full subcategory of D2(Mod R)
satisfying the dual categorical property of D"(Mod R)tpq in D?(Mod R). Since D :
DP(Mod R) — DP(Mod R) is a duality, it is clear. O

2. BASS NUMBERS AND BETTI NUMBERS OF COMPLEXES

According to [Ro], Bass numbers and Betti numbers of complexes are defined as
follows.

Definition 2.1. Let (R, m, k) be a commutative Noetherian local ring. For a com-
plex X* € D.(Mod R), the i-th Betti number of X" is defined by

Bi(X*) = dimy H (k@ £ X),
and the i-th Bass number of X" is defined by
wi(X*) = dimy, R Hom (k, X*).

Then for a finitely generated R-module M, the ordinary Bass numbers and the
ordinary Betti numbers of M are equal to the numbers of the above definitions.

Definition 2.2. Let R be a commutative Noetherian local ring. A complex P =
(P, d%) € K™ (proj R) is called a minimal projective complex if the induced mor-
phism P™ — Cok dg_l is an essential epimorphism for any n.

Similarly, a complex I* = (I",d}) € K" (InjR) is called a minimal injective
complex if the induced morphism Kerd — I™ is an essential monomorphism for
any n.

Lemma 2.3. Let (R,m, k) be a commutative Noetherian local ring. Then the fol-
lowing hold.
1. For P+ = (P",d}) € K™ (projR), P is a minimal projective complex if and
only if k@rd?p : kQrP" — k@ P" is a zero morphism for any n.
2. For I = (I",d}) € K" (InjR), I' is a minimal injective complex if and only
if Homp, (k(p),d7®@grR,) : Hompg, (k(p), I}') — Hompg, (k(p), Iy ™) is a zero
morphism for any p € Spec R and any n.

Proof. See [Ro] Chapter 1. O

By [RD] Chapter V §3, in the case of commutative Noetherian local rings, for
U e DE(Mod R), U* is a dualizing complex if and only if there is an integer n
such that p;(U*) = 6p; (i-e. 0pn =1 and §,; = 0 if i # n). Concerning to relations
between Bass numbers and Betti numbers of complexes, we have the following result
which contains one of [Ro] 3.6 Theorem.

Theorem 2.4. Let (R,m,k) be a commutative Noetherian local ring. Then the
following hold.

1. For X*,Y" € D_ (Mod R), we have
B (X ® ﬁY') = Z Bp(X*)Be(Y™)
ptg=n

for any integer n.
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2. For X* € D (Mod R) and Y* € DI (Mod R), we have
pin (RHomp (X", V")) = > 3,(X")pg(Y")
ptq=n
for any integer n.
In particular, if Y is a dualizing complex with p;(Y*) = do;, then we have
tn(RHomy (X", Y™)) = G, (X7).

Proof. 1. We take minimal projective complexes P+, Q" € K™ (proj R) such that
P~ X" and @ 2Y" in D(Mod R). Then we have isomorphisms in D(Mod R)

EQEX QLY = kor(P Qr Q)
>~ (k@rP") @k (kQrQ").

Considering the double complex (k®pP*) @) (k®rQ"), by Lemma 2.3

P ) = (k®Rd§;)®k(k®RQq)
I(k® P )Rk (k®RQ")

is a zero morphism for any p,q, because P*®j(k®rQ7) is a minimal projective
complex. Similarly,

dp7q = (=1 p+q k® ppr ® k® dq
(k@ P& (kQ Q") ( ) ( R ) k( R Q)

is a zero morphism for any p, q. Therefore by taking cohomologies, we have
H'(kor(P*®r Q) = P (korP?)ek(korQ")
ptg=n

=~ P B (kerP)o,H (kRRQ),
ptg=n
because HP (k@rP*) =2 k® g PP and HY(k®RrQ") = k®rQ?. Since
dimy H? (k@gP")®, H1 (k®rQ") = dimy H? (k@ g P*) dim; HY(k®rQ"),
we have the statement.

2. We take a minimal projective complex P+ € K™ (proj R) and a minimal injec-
tive complex @ € K*(Inj R) such that P* = X* and @ = Y* in D(Mod R). Since
Hom¥p (P, Q) € K*(Inj R), we have isomorphisms in D(Mod R)

RHom%y(k, RHom%(X",Y")) = Hompg (k, Homy (P, Q"))
=~ Hompy (k®r P, Q).
Consider the double complex Hom¥% (k®g P, Q). According to Lemma 2.3,

d?quom'é(k(@RP',Q') - (_1)p+q+1 HOH’IR(k@RP_p,dqQ)

is a zero morphism for any p, g, because Q" is a minimal injective complex. Similarly,
, —p—1
d:flgom'é(k®RP'7Q') = Homp(k®rdp"™ ", Q7)
is a zero morphism for any p, q. Therefore by taking cohomologies, we have
" (Homy (kor P, @) = ) Homa(kerP ™", Q")

ptg=n

=~ EB Homg(H P (k@gP),Q%),

ptg=n



6 JUN-ICHI MIYACHI

because H P (k®@pP*) = k®grP~P. Since
dim; Homp(H™" (k@R P"), Q) = Bp(P")pq(Q"),
we complete the proof. O

Lemma 2.5. For a double complex X = (XP1,dy,dy;), the following hold.

1. If XP1 = O for g < m,n < q form < n and XP are acyclic complezes in
C(Mod R) for all p, then Tot X* is acyclic in C(Mod R) .

2. If X1 = O for g <n and X?* are acyclic complezes in C(Mod R) for all p,
then Tot X** is acyclic in C(Mod R) .

Proof. 1. Let nx =n —m. We have an exact sequence in C*(Mod R)

O—>01§1n_1X"—>X"—>aH X" — 0.

>n—1
Then we have the exact sequence in C(Mod R)
O — Tot 62, ;X" — Tot X* — Tot 0¥, ;X" — O.
By the assumption of induction on nx, Tot UIgIn—1X" is acyclic. It is easy to see
that Tot olf, X" 22 M(1x.»)[—n] is acyclic. Then Tot X" is acyclic.
2. Since we have the canonical monomorphisms in C?(Mod R)
O-ISITX" L O-ISIr—i-lX"»
we have an exact sequence in C(Mod R)

0 — H Tot o2, X Loshift, H Tot o2, X" — lim Tot 04, X" — O,
T - T - -

and

lim Tot UISITX" = Tot X*.
By 1, Tot O'ISITX » is acyclic for all r. By taking cohomologies of the above exact
sequence, lim Tot O'ISITX * is acyclic, and hence so is Tot X*. O
Proposition 2.6. Let R be a commutative ring, R = E* an injective resolution,
and P* € K(Proj R). Then there is a quasi-isomorphism P* — P* ®p E*.
Proof. Since P- is isomorphic to P"®gR, a morphism ¢ : R — FE* induces the

morphism ¢ : P* — P* ®g E* of complexes. Let F* be the complex R — E° —
E' — ... where the term R is the (—1)-th term. It is easy to see that the mapping

cone M:(¢) is isomorphic to P* ®g F*. Then we have a distinguished triangle in
K(Mod R)
P — P QrE — P Qr F — Pl].

Since PP ®p F* is acyclic for every p, by Lemma 2.5 P @p F* is acyclic, and hence
we complete the proof. O

Lemma 2.7. Let R be a commutative Noetherian local ring, X' € DE(Mod R)pa.
Then we have

Bn(RHomp (X", R)) = f-n(X)

for any integer n.
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Proof. Let P+ € K®(proj R) such that P* = X* in D(Mod R). Then we have isomor-
phisms
k@ERHompg(X", R) = k ®g Homp(P*, R)
>~ Homp(P', k)
>~ Homy (k ®g P, k)
>~ Homy (k@5 X", k).
Hence we have the statement. O

Theorem 2.8. Let R be a commutative Noetherian local ring. Then the following
hold.

1. For X* a complex in D?(Mod R)pa, we have
pn(X) = Z Bp(X") p1q(R)

a—p=n
for any integer n.
2. For X* a complex in D2 (Mod R)g4, we have

Bn(X7) = Z tp (X*) g (RR)

q—p=n
for any integer n.
Proof. 1. Let P+ € K"(proj R) such that P+ = X* in D(Mod R). According to

Proposition 2.6, P* is quasi-isomorphic to P*® E*. Since P* € KT (proj R), P*®g E"
is in K™ (Inj R). Then we have isomorphisms in D(Mod R)

RHomy,(k, X*) = Hompg(k, P ©r E°)
>~ Hompg(k, Homy (Hompg (P, R), E*))
>~ RHompg(k, RHomyx(RHomg (X", R), E")).

Since RHomp (X", R) € D?(Mod R), by Theorem 2.4, we have
p(X) = Y Bp(RHomp(X", R))ug(R).

ptg=n

By Lemma 2.7, §,(RHompg (X", R)) = f_,(X"), and hence we have the statement.

2. According to [RD] and [Ro], Bass numbers, Betti numbers, finiteness of
projective dimension and finiteness of injective dimension of complexes are invariant
under the completion of complexes. Then we may assume that R is a complete
local ring, and then that R has a dualizing complex U* with u;(U*) = do;. Let
D = RHom%(—,U") : D?(Mod R) — D2(Mod R) be a duality. For a complex X
in D2(Mod R)g4, by Proposition 1.8, we have DX* € D?(Mod R)gpa. By 1, we have

pn(DX") = Z Bp(DX")pq(R).
q—p=n
According to Theorem 2.4, u, (DX*) = 5,(X") and B,(DX") = pp(X*), and hence
we complete the proof. O

Applying the above theorem to finitely generated R-modules, we have more
detailed data than Auslander-Buchsbaum Theorem. For an R-module M, we denote
by pdim M (resp., idm M) the projective dimension (resp., the injective dimension)
of M.
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Corollary 2.9. Let R be a commutative Noetherian local ring, and M a finitely
generated R-module. Then the following hold.

1. If the projective dimension of M 1is finite, then for any integer n we have
pn (M) = Z Bp(M) prq(R).
g—p=n
In particular, we have depth M + pdim M = depth R.
2. If the injective dimension of M is finite, then for any integer n we have

Bn(M) = Z tp (M) p1q(R).

In particular, we have idim M = depth R.

Proof. 1. Let P : O — P~ — ... — P71 — P% — O be a projective resolution
of M, then p,(M) = pn(P*). The first assertion is trivial by Theorem 2.8. The
above equation implies

min{n|pu, (M) # 0} = min{q|uq(R) # 0} — max{p|5,(M) # 0}
depth M = depth R — pdim M.

2. Let I' : O = I° = I' — ... — I* — O be an injective resolution of M, then
Bn(M) = B,(I"). The first assertion is trivial by Theorem 2.8. The above equation
implies

0 = min{n|,(M) # 0}
= min{g|p,(R) # 0} — max{p|u, (M) # 0}
= depth R — idim M.
O

Remark 2.10. In Theorem 2.8, 1, we need that X is of finite projective dimension.
For a complex P+ € K™ (proj R), by Proposition 2.6, P* is quasi-isomorphic to P* QR
E". In the case of commutative Noetherian rings, P*®p E" is a complex of injective

R-modules. But in general it doesn’t satisfy the condition that Homp(N*, P*®g E*)

is acyclic for any acyclic complex N* (see [BN] or [Sp]). Therefore in general we
have

RHomy,(k, P) % Hompg(k, P ®g E°).

Indeed, let R be a commutative Gorenstein local ring of Krull dimension d, M
a finitely generated R-module of infinite projective dimension, and P* a minimal
projective resolution of M. Then p, (M) = 0 for any n < 0. But by the proof of
Theorem 2.8, we have

dimy, H"(Homg(k, P" @ E")) = f4-n(M)

for any integer n.
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