
BASS NUMBERS AND BETTI NUMBERS OF COMPLEXES
OVER COMMUTATIVE NOETHERIAN RINGS

JUN-ICHI MIYACHI

Let R be a commutative ring, and let 0 → R
ε−→ E0 → E1 → · · · be a mini-

mal injective resolution of a free module R of one generator, and E� the complex
E0 → E1 → · · · → En → · · · . Bass studied injective resolutions of left Noetherian
rings, in particular, of commutative Noetherian rings [B1], [B2]. In the case of
commutative Noetherian rings, he introduced Bass numbers of R-modules as ap-
pearance numbers of injective indecomposable R-modules in their minimal injective
resolutions, and showed relations between the Bass numbers of rings and Goren-
stein rings [B2]. Roberts generalized Bass numbers and Betti numbers to the case
of complexes of R-modules, and studied relations between them using dualizing
complexes [Ro]. He also applied them to the new intersection conjecture [Ro]. In
the case of noncommutative Noetherian rings, we studied E� and injective resolu-
tions of left R-modules and relations between the Auslander-Gorenstein property
and the flat dimensions of R-modules [IM], [Mi]. In these papers, from the point
of view of derived categories we approached them. In this paper, using techniques
of derived categories we study relations between Bass numbers and Betti numbers
of complexes in the case of commutative Noetherian local rings.

First, for complexes X � and Y �, we study Bass numbers and Betti numbers of
RHom�

R(X �, Y �) and X�⊗L
RY �, respectively. Then we have a result which con-

tains one of [Ro] 3.6 Theorem (Theorem 2.4). Second, we study Bass numbers
of complexes of finite projective dimension and Betti numbers of complexes of fi-
nite injective dimension (Theorem 2.8). Then we have more detailed data than
Auslander-Buchsbaum Theorem with respect to projective dimension and depth
(Corollary 2.9).

1. Preliminaries

In this section, we recall basic techniques of double complexes and methods
of derived categories in order to use them in Section 2. For a commutative ring
R, let ModR be the category of R-modules, ProjR (resp., projR) the additive
category of projective (resp., finitely generated projective) R-modules, and InjR
the additive category of injective R-modules. We denote by C(ModR) (resp.,
C+(ModR), C−(ModR), Cb(ModR)) the category of complexes (resp., bounded
below complexes, bounded above complexes, bounded complexes) of ModR. An
auto-equivalence T : C(ModR) → C(ModR) is called translation if (TX�)n = Xn+1

and (TdX)n = −dn+1
X for any complex X � = (Xn, dn

X). Sometimes, we write X�[i]
for T i(X �). For an additive category B, K∗(B) is the homotopy category of B.
D∗(ModR) is the derived category of ModR, and D∗

c (ModR) is the full subcategory
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of D∗(ModR) consisting of complexes whose cohomologies are finitely presented R-
modules, where ∗ = nothing, +,−, b.

For X �, Y � ∈ C∗(ModR), a morphism u ∈ HomC(Mod R)(X �, Y �) is called a quasi-
isomorphism if Hn(u) are isomorphisms for all n ∈ Z, where ∗ = nothing, +,−, b.
A complex X � = (Xn, dn

X) is called an acyclic complex if Hn(X�) = 0 for all n ∈ Z.

Definition 1.1. A double complex C�� is a bigraded R-module (Cp,q)p,q∈Z of ModR
together with dp,q

I : Cp,q → Cp+1,q and dp,q
II : Cp,q → Cp,q+1 such that

C �q = (Cp,q, dp,q
I : Cp,q → Cp+1,q)

Cp� = (Cp,q, dp,q
II : Cp,q → Cp,q+1)

are complexes satisfying dp,q+1
I dp,q

II + dp+1,q
II dp,q

I = 0.
A morphism f of complexes X �� to Y �� is a collection of morphisms fp,q : Xp,q →

Y p,q such that f �q : X�q → Y �q and fp� : Xp� → Y p� are morphisms of complexes
for all p, q ∈ Z.

We denote by C2(ModR) the category of double complexes of ModR.

Definition 1.2. For a double complex X �� = (Xp,q, dp,q
I , dp,q

II ), we define the fol-
lowing truncations:

(σII
>nX

��)p,q =



O if q < n

Im dp,q
II if q = n

Xp,q if q > n

(σII
≤nX

��)p,q =



Xp,q if q < n

Kerdp,q
II if q = n

O if q > n

Definition 1.3. For a double complex X�� = (Xp,q, dp,q
I , dp,q

II ), we define the total
complexes

TotC �� = (Xn, dn),where Xn =
∐

p+q=n
Cp,q, dn =

∐
p+q=n

dp,q
I + dp,q

II

∧
TotC�� = (Y n, dn),where Y n =

∏
p+q=n

Cp,q, dn =
∏

p+q=n
dp,q

I + dp,q
II .

Definition 1.4. Let X �, Y � be complexes of R-modules. We define the double

complex X � ��
⊗R Y � by

X � p,q
⊗R Y � = Xp⊗RY q,

dp,q

I X� ��
⊗RY �

= dp
X⊗RY q,

dp,q

II X� ��
⊗RY �

= (−1)p+qXp⊗Rdq
Y

and define the complex X � �
⊗R Y � by TotX� ��

⊗R Y �.
And we define the double complex Hom��

A(X �, Y �) by

Homp,q
R (X , Y ) = HomR(X−p, Y q),

dp,q
I Hom��

R(X�,Y �) = Homp,q
R (d−p−1

X� , Y q),

dp,q
II Hom��

R(X�,Y �) = (−1)p+q+1 Homp,q
R (X−p, dq

Y �),

and define the complex Hom�
R(X�, Y �) by

∧
TotHom��

R(X �, Y �).

Definition 1.5. For u ∈ HomC(Mod R)(X �, Y �), the mapping cone of u is a complex
M�(u) with

Mn(u) = Xn+1⊕Y n,

dn
M�(u) =

[
−dn+1

X 0

un+1 dn
X

]
: Xn+1⊕Y n → Xn+2⊕Y n+1.
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In this case, we have a distinguished triangle in K(ModR)

X� u−→ Y � [ 0
1 ]−−→ M�(u)

[ 1 0 ]−−−→ X �[1].

Definition 1.6. Let R be a commutative ring. A complex X � ∈ Db
c (ModR) is

of finite projective dimension (resp., finite injective dimension) if there is a com-
plex Q� ∈ Kb(ProjR) (resp., Q� ∈ Kb(InjR)) such that X � ∼= Q� in Db(ModR).
Db

c (ModR)fpd (resp., Db
c (ModR)fid) is the full subcategory of Db

c (ModR) consist-
ing of complexes of finite projective dimension (resp., finite injective dimension).
Then Db

c (ModR)fpd is the category of perfect complexes.

Lemma 1.7. Let (R,m, k) be a commutative Noetherian local ring. Then the fol-
lowing hold.

1. The following are equivalent for X � ∈ Db
c (ModR).

(a) X � ∈ Db
c (ModR)fpd.

(b) For any Y � ∈ Db
c (ModR), there is an integer n such that

HomD(Mod R)(X�, Y �[i]) = 0

for all i > n.
2. The following are equivalent for X � ∈ Db

c (ModR).
(a) X � ∈ Db

c (ModR)fid.
(b) For any Y � ∈ Db

c (ModR), there is an integer n such that

HomD(Mod R)(Y �,X �[i]) = 0

for all i > n.

Proof. 1. It is well known that the projective dimension

pdimM = sup{i|ExtiR(M,k) �= 0}
for a finitely generated R-module M (see e.g. [BH]). Then it is easy to see that
X � ∈ Db

c (ModR)fpd if and only if there is an integer n such that

HomD(Mod R)(X�, k[i]) = 0

for all i > n. Therefore we have the statement.
2. It is well known that the injective dimension

idimM = sup{i|ExtiR(k,M) �= 0}
for a finitely generated R-module M (see e.g. [BH]). Then it is easy to see that
X � ∈ Db

c (ModR)fid if and only if there is an integer n such that

HomD(Mod R)(k,X �[i]) = 0

for all i > n. Hence we have the statement.

The notion of dualizing complexes was introduced by Grothendieck [RD]. In
the case of commutative Noetherian rings, a dualizing complex U � induces the
duality D = RHom�

R(−,U �) : D∗
c(ModR) → D#

c (ModR), where (∗,#) =(nothing,
nothing), (+,−), (−,+) or (b, b).

Proposition 1.8. Let R be a commutative Noetherian local ring, U � a dualizing
complex for R. Then a duality D = RHom�

R(−, U �) : Db
c (ModR) → Db

c (ModR)
induces the duality between Db

c (ModR)fpd and Db
c (ModR)fid.
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Proof. According to Lemma 1.7, Db
c (ModR)fid is the full subcategory of Db

c (ModR)
satisfying the dual categorical property of Db

c (ModR)fpd in Db
c (ModR). Since D :

Db
c (ModR) → Db

c (ModR) is a duality, it is clear.

2. Bass Numbers and Betti Numbers of Complexes

According to [Ro], Bass numbers and Betti numbers of complexes are defined as
follows.

Definition 2.1. Let (R,m, k) be a commutative Noetherian local ring. For a com-
plex X � ∈ Dc(ModR), the i-th Betti number of X � is defined by

βi(X �) = dimk H−i(k
�
⊗ L

RX �),

and the i-th Bass number of X � is defined by

µi(X�) = dimk Ri Hom�
R(k,X

�).

Then for a finitely generated R-module M , the ordinary Bass numbers and the
ordinary Betti numbers of M are equal to the numbers of the above definitions.

Definition 2.2. Let R be a commutative Noetherian local ring. A complex P � =
(P n, dn

P ) ∈ K−(projR) is called a minimal projective complex if the induced mor-
phism Pn → Cok dn−1

P is an essential epimorphism for any n.
Similarly, a complex I � = (In, dn

I ) ∈ K+(InjR) is called a minimal injective
complex if the induced morphism Ker dn

P → In is an essential monomorphism for
any n.

Lemma 2.3. Let (R,m, k) be a commutative Noetherian local ring. Then the fol-
lowing hold.

1. For P � = (P n, dn
P ) ∈ K−(projR), P � is a minimal projective complex if and

only if k⊗Rdn
P : k⊗RPn → k⊗RPn+1 is a zero morphism for any n.

2. For I � = (In, dn
I ) ∈ K+(InjR), I� is a minimal injective complex if and only

if HomRp
(k(p), dn

I⊗RRp) : HomRp
(k(p), In

p ) → HomRp
(k(p), In+1

p ) is a zero
morphism for any p ∈ SpecR and any n.

Proof. See [Ro] Chapter I.

By [RD] Chapter V §3, in the case of commutative Noetherian local rings, for
U � ∈ Db

c (ModR), U � is a dualizing complex if and only if there is an integer n
such that µi(U �) = δni (i.e. δnn = 1 and δni = 0 if i �= n). Concerning to relations
between Bass numbers and Betti numbers of complexes, we have the following result
which contains one of [Ro] 3.6 Theorem.

Theorem 2.4. Let (R,m, k) be a commutative Noetherian local ring. Then the
following hold.

1. For X�, Y � ∈ D−
c (ModR), we have

βn(X� �
⊗ L

RY �) =
∑

p+q=n

βp(X�)βq(Y �)

for any integer n.



BASS NUMBERS AND BETTI NUMBERS OF COMPLEXES 5

2. For X� ∈ D−
c (ModR) and Y � ∈ D+

c (ModR), we have

µn(RHom�
R(X

�, Y �)) =
∑

p+q=n

βp(X �)µq(Y �)

for any integer n.
In particular, if Y � is a dualizing complex with µi(Y �) = δ0i, then we have

µn(RHom�
R(X

�, Y �)) = βn(X �).

Proof. 1. We take minimal projective complexes P �, Q� ∈ K−(projR) such that
P � ∼= X � and Q� ∼= Y � in D(ModR). Then we have isomorphisms in D(ModR)

k
�
⊗ L

R(X
� �
⊗ L

RY �) ∼= k⊗R(P � �
⊗R Q�)

∼= (k⊗RP �)
�
⊗k (k⊗RQ�).

Considering the double complex (k⊗RP �)
��
⊗k (k⊗RQ�), by Lemma 2.3

dp,q

I(k⊗RP �)
��
⊗k(k⊗RQ�)

= (k⊗Rdp
P )⊗k(k⊗RQq)

is a zero morphism for any p, q, because P �⊗k(k⊗RQq) is a minimal projective
complex. Similarly,

dp,q

II(k⊗RP �)
��
⊗k(k⊗RQ�)

= (−1)p+q(k⊗RPp)⊗k(k⊗Rdq
Q)

is a zero morphism for any p, q. Therefore by taking cohomologies, we have

Hn(k⊗R(P � �
⊗R Q�)) ∼=

⊕
p+q=n

(k⊗RP p)⊗k(k⊗RQq)

∼=
⊕

p+q=n

Hp(k⊗RP �)⊗k Hq(k⊗RQ�),

because Hp(k⊗RP �) ∼= k⊗RP p and Hq(k⊗RQ�) ∼= k⊗RQq. Since

dimk Hp(k⊗RP �)⊗k Hq(k⊗RQ�) = dimk Hp(k⊗RP �) dimk Hq(k⊗RQ�),

we have the statement.
2. We take a minimal projective complex P � ∈ K−(projR) and a minimal injec-

tive complex Q� ∈ K+(InjR) such that P � ∼= X� and Q� ∼= Y � in D(ModR). Since
Hom�

R(P
�,Q�) ∈ K+(InjR), we have isomorphisms in D(ModR)

RHom�
R(k,RHom�

R(X
�, Y �)) ∼= HomR(k,Hom�

R(P
�, Q�))

∼= Hom�
R(k⊗RP �,Q�).

Consider the double complex Hom��
R(k⊗RP �, Q�). According to Lemma 2.3,

dp,q
II Hom��

R(k⊗RP �,Q�) = (−1)p+q+1 HomR(k⊗RP−p, dq
Q)

is a zero morphism for any p, q, because Q� is a minimal injective complex. Similarly,

dp,q
I Hom��

R(k⊗RP �,Q�) = HomR(k⊗Rd−p−1
P ,Qq)

is a zero morphism for any p, q. Therefore by taking cohomologies, we have

Hn(Hom�
R(k⊗RP �,Q�)) ∼=

⊕
p+q=n

HomR(k⊗RP−p, Qq)

∼=
⊕

p+q=n

HomR(H−p(k⊗RP �),Qq),
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because H−p(k⊗RP �) ∼= k⊗RP−p. Since

dimk HomR(H−p(k⊗RP �), Qq) = βp(P �)µq(Q�),

we complete the proof.

Lemma 2.5. For a double complex X�� = (Xp,q , dI, dII), the following hold.
1. If Xp,q = O for q < m, n < q for m ≤ n and Xp� are acyclic complexes in

C(ModR) for all p, then Tot X �� is acyclic in C(ModR) .
2. If Xp,q = O for q < n and Xp� are acyclic complexes in C(ModR) for all p,

then TotX�� is acyclic in C(ModR) .

Proof. 1. Let nX = n−m. We have an exact sequence in C2(ModR)

O → σII
≤n−1X

�� → X �� → σII
>n−1X

�� → O.

Then we have the exact sequence in C(ModR)

O → Tot σII
≤n−1X

�� → Tot X �� → Tot σII
>n−1X

�n → O.

By the assumption of induction on nX, Tot σII
≤n−1X

�� is acyclic. It is easy to see
that Tot σII

>n−1X
�n ∼= M�(1X�n)[−n] is acyclic. Then Tot X�� is acyclic.

2. Since we have the canonical monomorphisms in C2(ModR)

σII
≤rX

�� gr−→ σII
≤r+1X

��,

we have an exact sequence in C(ModR)

O →
∐

r
Tot σII

≤rX
�� 1−shift−−−−→

∐
r
Tot σII

≤rX
�� → lim−→Tot σII

≤rX
�� → O,

and

lim−→TotσII
≤rX

�� ∼= TotX ��.

By 1, Tot σII
≤rX

�� is acyclic for all r. By taking cohomologies of the above exact
sequence, lim−→TotσII

≤rX
�� is acyclic, and hence so is TotX ��.

Proposition 2.6. Let R be a commutative ring, R
ε−→ E� an injective resolution,

and P � ∈ K(ProjR). Then there is a quasi-isomorphism P � → P � �
⊗R E�.

Proof. Since P � is isomorphic to P �⊗RR, a morphism ε : R → E� induces the

morphism ε′ : P � → P � �
⊗R E� of complexes. Let F � be the complex R

ε−→ E0 →
E1 → · · · , where the term R is the (−1)-th term. It is easy to see that the mapping

cone M�(ε′) is isomorphic to P � �
⊗R F �. Then we have a distinguished triangle in

K(ModR)

P � → P � �
⊗R E� → P � �

⊗R F � → P �[1].

Since Pp
�
⊗R F � is acyclic for every p, by Lemma 2.5 P � �

⊗R F � is acyclic, and hence
we complete the proof.

Lemma 2.7. Let R be a commutative Noetherian local ring, X � ∈ Db
c (ModR)fpd.

Then we have

βn(RHomR(X�, R)) = β−n(X �)

for any integer n.



BASS NUMBERS AND BETTI NUMBERS OF COMPLEXES 7

Proof. Let P � ∈ Kb(projR) such that P � ∼= X � in D(ModR). Then we have isomor-
phisms

k⊗L
RRHomR(X �,R) ∼= k ⊗R HomR(P �,R)

∼= HomR(P �, k)
∼= Homk(k ⊗R P �, k)
∼= Homk(k⊗L

RX �, k).

Hence we have the statement.

Theorem 2.8. Let R be a commutative Noetherian local ring. Then the following
hold.

1. For X� a complex in Db
c (ModR)fpd, we have

µn(X�) =
∑

q−p=n

βp(X �)µq(R)

for any integer n.
2. For X� a complex in Db

c (ModR)fid, we have

βn(X �) =
∑

q−p=n

µp(X �)µq(R)

for any integer n.

Proof. 1. Let P � ∈ Kb(projR) such that P � ∼= X � in D(ModR). According to

Proposition 2.6, P � is quasi-isomorphic to P � �
⊗RE�. Since P � ∈ K+(projR), P � �

⊗RE�

is in K+(InjR). Then we have isomorphisms in D(ModR)

RHom�
R(k,X

�) ∼= HomR(k,P � �
⊗R E�)

∼= HomR(k,Hom�
R(HomR(P �,R), E�))

∼= RHomR(k,RHom�
R(RHomR(X�, R),E�)).

Since RHomR(X �, R) ∈ Db
c (ModR), by Theorem 2.4, we have

µn(X �) =
∑

p+q=n

βp(RHomR(X �,R))µq(R).

By Lemma 2.7, βp(RHomR(X�, R)) = β−p(X �), and hence we have the statement.
2. According to [RD] and [Ro], Bass numbers, Betti numbers, finiteness of

projective dimension and finiteness of injective dimension of complexes are invariant
under the completion of complexes. Then we may assume that R is a complete
local ring, and then that R has a dualizing complex U � with µi(U �) = δ0i. Let
D = RHom�

R(−, U �) : Db
c (ModR) → Db

c (ModR) be a duality. For a complex X �

in Db
c (ModR)fid, by Proposition 1.8, we have DX � ∈ Db

c (ModR)fpd. By 1, we have

µn(DX �) =
∑

q−p=n

βp(DX�)µq(R).

According to Theorem 2.4, µn(DX�) = βn(X �) and βp(DX�) = µp(X �), and hence
we complete the proof.

Applying the above theorem to finitely generated R-modules, we have more
detailed data than Auslander-Buchsbaum Theorem. For anR-module M, we denote
by pdimM (resp., idmM) the projective dimension (resp., the injective dimension)
of M.
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Corollary 2.9. Let R be a commutative Noetherian local ring, and M a finitely
generated R-module. Then the following hold.

1. If the projective dimension of M is finite, then for any integer n we have

µn(M) =
∑

q−p=n

βp(M)µq(R).

In particular, we have depthM +pdimM = depthR.
2. If the injective dimension of M is finite, then for any integer n we have

βn(M) =
∑

q−p=n

µp(M)µq(R).

In particular, we have idimM = depthR.

Proof. 1. Let P � : O → P−s → · · · → P−1 → P 0 → O be a projective resolution
of M , then µn(M) = µn(P �). The first assertion is trivial by Theorem 2.8. The
above equation implies

min{n|µn(M) �= 0} = min{q|µq(R) �= 0} −max{p|βp(M) �= 0}
depthM = depthR− pdimM.

2. Let I � : O → I0 → I1 → · · · → It → O be an injective resolution of M , then
βn(M) = βn(I �). The first assertion is trivial by Theorem 2.8. The above equation
implies

0 = min{n|βn(M) �= 0}
= min{q|µq(R) �= 0} −max{p|µp(M) �= 0}
= depthR− idimM.

Remark 2.10. In Theorem 2.8, 1, we need thatX � is of finite projective dimension.

For a complex P � ∈ K−(projR), by Proposition 2.6, P � is quasi-isomorphic to P � �
⊗R

E�. In the case of commutative Noetherian rings, P � �
⊗R E� is a complex of injective

R-modules. But in general it doesn’t satisfy the condition that Hom�
R(N �, P � �

⊗RE�)
is acyclic for any acyclic complex N � (see [BN] or [Sp]). Therefore in general we
have

RHom�
R(k, P

�) �∼= HomR(k, P � �
⊗R E�).

Indeed, let R be a commutative Gorenstein local ring of Krull dimension d, M
a finitely generated R-module of infinite projective dimension, and P � a minimal
projective resolution of M . Then µn(M) = 0 for any n < 0. But by the proof of
Theorem 2.8, we have

dimk Hn(HomR(k, P � �
⊗R E�)) = βd−n(M)

for any integer n.
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