ON ¢t-STRUCTURES AND TORSION THEORIES
INDUCED BY COMPACT OBJECTS

MITSUO HOSHINO, YOSHIAKI KATO AND JUN-ICHI MIYACHI

ABSTRACT. First, we show that a compact object C' in a triangulated category,
which satisfies suitable conditions, induces a t-structure. Second, in an abelian
category we show that a complex P+ of small projective objects of term length
two, which satisfies suitable conditions, induces a torsion theory. In the case
of module categories, using a torsion theory, we give equivalent conditions for
P to be a tilting complex. Finally, in the case of artin algebras, we give a
one to one correspondence between tilting complexes of term length two and
torsion theories with certain conditions.

0. INTRODUCTION

In the representation theory of finite dimensional algebras, torsion theories were
studied by several authors in connection with classical tilting modules. For these
torsion theories, there are equivalences between torsion (resp., torsionfree) classes
and torsionfree (resp., torsion) classes, which is known as Theorem of Brenner and
Butler ([HR]). One of the authors gave a one to one correspondence between classi-
cal tilting modules and torsion theories with certain conditions ([Hol], [Ho2]). But
in the case of a self-injective algebra A, tilting modules are essentially isomorphic
to A. In [Ri], Rickard introduced the notion of tilting complexes as a generalization
of tilting modules, and showed that these complexes induce equivalences between
derived categories of module categories. Tilting complexes of term length two are
often studied in the case of self-injective algebras (e.g. [HI], [HK]). On the other
hand, for triangulated categories, Beilinson, Bernstein and Deligne introduced the
notions of ¢-structures and admissible abelian subcategories, and studied relation-
ships between them ([BBD]). In this paper, first, we deal with a compact object
C in a triangulated category, and study a t-structure induced by C. Second, in an
abelian category A we deal with a complex P* of small projective objects of term
length two and study a torsion theory induced by P-.

In Section 1, we show that a compact object C in a triangulated category
7, which satisfies suitable conditions, induces a t-structure (7 =°(C),7=°(C)),
and its core 7°(C) is equivalent to the category Mod B of left B-modules, where
B = End7(C)°? (Theorem 1.3). In Section 2, we define subcategories X (P*),
Y(P*) of an abelian category A satisfying the condition Ab4, and show when
(X(P*),Y(P)) is a torsion theory (Theorem 2.10). Furthermore, we show that
if P+ induces a torsion theory (X (P+),Y(P*)) for A, then the core D(A)°(P*) is ad-
missible abelian, and then there is a torsion theory (V(P*)[1], X (P*)) for D(A)°(P*)
(Theorem 2.15). In Section 3, we apply results of Section 2 to module categories.
We characterize a torsion theory for the category Mod A of left A-modules, and
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for its core D(Mod A)°(P+) (Theorems 3.5 and 3.8). Furthermore, using a torsion
theory, we give equivalent conditions for P* to be a tilting complex (Corollary 3.6).
In Section 4, We show that, if P* is a tilting complex, then it induces equivalences
between torsion theories for Mod A and for Mod B, where B = Endpmod 4)(P*)P
(Theorem 4.4). In Section 5, in the case of artin algebras, if a torsion theory (X,))
satisfies certain conditions, then there exists a tilting complex P* of term length two
such that a torsion theory (X, )) coincides with (X (P*),Y(P*)) (Theorem 5.8). As
a consequence, we have a one to one correspondence between tilting complexes of
term length two and torsion theories with certain conditions (Corollary 3.7, Propo-
sitions 5.5, 5.7 and Theorem 5.8).

1. ¢-STRUCTURES INDUCED BY COMPACT OBJECTS

In this section, we deal with a triangulated category 7 and its full subcategory
C. We will call C admissible abelian provided that Homs(C,C[n]) = 0 for n < 0,
and that all morphisms in C are C-admissible in the sense of [BBD], 1.2.3. In this
case, according to [BBD], Proposition 1.2.4, C is an abelian category. A triangulated
category 7 is said to contain direct sums if direct sums of objects indexed by any set
exist in 7. An object C of T is called compact if Hom7(C, —) commutes with direct
sums. Furthermore, a collection S of compact objects of 7 is called a generating
set provided that X = 0 whenever Hom (S, X) = 0, and that S is stable under
suspension (see [Ne| for details). For an object C' € T and an integer n, we denote
by 72"(C) (resp., T="(C)) the full subcategory of 7 consisting of X € 7 with
Hom+ (C, X[i]) = 0 for i < n (resp., i > n), and set 7°(C) = T=°(C)NT=°(C).

For an abelian category A, we denote by C(A) the category of complexes of A,
and denote by D(A) (resp., D™(A), D™ (A), D(A)) the derived category of com-
plexes of A (resp., complexes of A with bounded below homologies, complexes of A
with bounded above homologies, complexes of A with bounded homologies). For an
additive category B, we denote by K(B) (resp., K~ (B), K’ (B)) the homotopy cate-
gory of complexes of B (resp., bounded above complexes of B, bounded complexes
of B) (see [RD] for details).

Proposition 1.1. Let 7 be a triangulated category which contains direct sums, C
a compact object satisfying Homz(C,Cln]) = 0 for n > 0. Then for any r € Z
and any object X € T, there exist an object X=" € T="(C) and a morphism
a”": X — X2" in T such that

(i) for anyi >r, Homz(C,a="[i]) is an isomorphism,
ii) for every object Y € TZ"(C), Hom7(aZ",Y) is an isomorphism.
Ty 00) D
Proof. Let Xo = X. For n > 1, by induction we construct a distinguished triangle

C(n[n_r]g—n> n—lﬂ>)(n_>
as follows. If Homz(C, X,,—1[r — n]) = 0, then we set C;,, = 0. Otherwise, we take
a direct sum C), of copies of C' and a morphism g}, : C,, — X,,_1[r — n| such that
Homz(C, g¢),) is an epimorphism, and let g,, = g/,[n —r]. Then, by easy calculation,
we have the following:

(a) Homs(C, X,[i]) =0 for r—n<i<r,
(b) Homy (C, h,[i]) is an isomorphism for any n and i > r.
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Let X2" be a homotopy colimit hocolim X,, and a2" : X — XZ" a structural

morphism Xy — hocolim X,,. According to [Ne|, Lemma 2.8, the conditions (a),

(b) imply that X=" belongs to 7="(C') and satisfies the statement (i). For an object
Y € T727(C), we have an exact sequence

Homy (Cyr[n—r],Y[j — 1]) = Hom¢ (X, Y[j]) —
Homz(X,,—1,Y[j]) — Homz (Cy[n — 7], Y[j]).

Since Hom7(CJi], Y[j]) = 0 for j —i < r, Homz (hy, Y[j]) is an isomorphism for
any n > 1 and j < 0. Then, we have an epimorphism

Hn Homr (Xn, Y([j]) —— H Hom7 (Xn, Y1)

for any j < 0. Therefore, we have an exact sequence

0 — Hom7(X="Y) — [[ Homz(X,,Y) —"5

1— bhlﬂ]

1— bhlﬂ] H HOmT(Xn,Y) 0.

Hence we have
Hom7(X=",Y) 2 lim Hom7 (X,,Y)
>~ Homy (X,Y).
O

Definition 1.2 ([BBD]). Let 7 be a triangulated category. For full subcategories
T<0 and T=°, (T=°,729) is called a t-structure on T provided that
(i) Hom(7=0,72%) =0;
(i) 70 c 7=t and T2° > 721,
(iil) for any X € T, there exists a distinguished triangle
X —-X—-X"—
with X' € T<Y and X" € T=!,
where T<" = T<[—n] and T=" = T=[—n].
A t-structure (T<°,T=°) onT is called non-degenerate if
={0}.
Theorem 1.3. Let 7 be a triangulated category which contains direct sums, C a
compact object satisfying Homz (C,Cln]) = 0 for n > 0, and B = End7(C)°P. If
{Ci] | i € Z} is a generating set, then the following hold.
(1) (T<O( ), T29(C)) is a non-degenerate t-structure on 7T .

(2) T°(C) is admissible abelian.
(3) The functor

TS = _,T2"

nez nez

Hom(C,—) : 7°(C) — Mod B

s an equivalence.

Proof. (1) For any object X € 7=°(C), we take an object X=! € 721(C) and a
morphism aZ! : X — X2 satisfying the conditions of Proposition 1.1. Then for
any Y € T=1(C), by Proposition 1.1 (ii), we have

Hom7(X=!Y) = Homs (X, Y).

By Proposition 1.1 (i), X € 7<°(C) implies that Hom7(C, X=![i]) = 0 for all i € Z.
Since {C[i] | i € Z} is a generating set, we have X=! = 0, and hence Hom7 (X,Y) =
0. It is easy to see that 7<°(C) C 7=1(C) and 7=°(C) D> 7=1(C). For any object
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Z € T, we take an object Z=1 € T21(C) and a morphism a=! : Z — Z=! satisfying
the conditions of Proposition 1.1, and embed aZ! in a distinguished triangle

7 — 772" =

Applying Hom7(C, —) to the above triangle, by Proposition 1.1 (i), we have Z’ €
T=9(C). Since {C[i] | i € Z} is a generating set, it is easy to see that (7=°(C),
729(C)) is non-degenerate.

(2) Since 7°(C) is the core of the t-structure (7=°(C),7=°(C)), the assertion
follows by [BBD], Theorem 1.3.6.

(3) Step 1: According to [BBD], Proposition 1.2.2, the short exact sequences in
T°(C) are just the distinguished triangles

X—->Y—>7—

with X, Y and Z belonging to 7°(C). It follows that Hom¢(C,—) : 7°(C) —
Mod B is exact. Let M € Mod B and take a free presentation P, — Py — M — 0.
We take C' = C20 € T°(C) and a = =% : C — (' satisfying the conditions of
Proposition 1.1. Then there exist sets I, J and a collection of morphisms h;; : ¢’ —
C’ such that

P — 50

l !

i; Hom(C\,h;;
Homy (C, C")() Big Hom(Ghyy) Homz (C, C")D

is commutative, where the vertical arrows are isomorphisms. We take an exact
sequence in 7°(C)

o) Zul, o x g,
Since C' is compact, by the exactness of Homs(C, —), we have Hom+(C, X) = M.
Step 2: We show that Homy (C, —) reflects isomorphisms. Let
X5Y -27Z—

be a distinguished triangle in 7 with X,Y € 7°(C) and with Hom¢(C,u) an
isomorphism. Then, by applying Homz (C, —), we get Homz (C, Z[n]) = 0 for all
n € Z, and hence Z = 0. It follows that w is an isomorphism.

Next, we show that Homz (C, —) is faithful. Let v : X — Y be a morphism in
7°(C) with Hom7(C,v) = 0. By the exactness of Homz(C, —), Hom7(C,Imv) =
Im Homy (C,v) = 0. Since Imv € 7°(C), we have Hom7(C,Imv[n]) = 0 for all
n € Z, and hence Imv = 0 and v = 0.

Let M be the full subcategory of 79(C) consisting of objects X such that there
exists an exact sequence C; — Cyp — X — 0 in TO(C’), where Cy, Cy are direct
sums of copies of C’. Since Homy(C,—) is faithful, by the same technique as
in Step 1, it is not hard to see that Homz (C, —)|a is full dense, and hence an
equivalence. It remains to show that M = 7°(C). For an object X € 7°(C), we
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have a commutative diagram

Hom(C, f) Hom(C,g)
— —

Hom7 (C, C)) Hom (C, C1)) Homy(C, X) —— 0

lHomT(C,al) lHomT(C,ag)

Hom+(C, C"(J)) M Hom+(C, CI(I))

with the top row being exact and with the vertical arrows being isomorphisms. And
we have a commutative diagram in 7°

c S o 9, x

I

CI(J) f CI(I)

with gf = 0. By Proposition 1.1(ii), there exists h : ') — X such that g = hay.
Since Hom¢ (C, hf’) = 0, we have hf’ = 0. Then there exists w : Cok f' — X
such that ¢ = wg'ag, where ¢’ : C’Y) — Cok f’ is a canonical morphism. Then
Homz(C, w) is an isomorphism, and hence w is an isomorphism and X 2 Cok f’ €

M. O

Remark 1.4. Under the condition of Theorem 1.3, according to [BBD], Propo-
sition 1.3.3, there exists a functor (—)=" : T — T="(C) (resp., (—)=" : T —
T<"(C)) which is the right (resp., left) adjoint of the natural embedding functor
T7="(C) — T (resp., T="(C) —T).

For an object C in a triangulated category 7 and integers s < t, let T1*/(C) =
TO(C)[=s], TH(C) = TS(C) N T24(C), and TV(C) = (U, T<M(C) 1
(UnezT="(C)). An object M of an abelian category A is called small provided
that Hom 4(M, —) commutes with direct sums in A.

Corollary 1.5. Let A be an abelian category satisfying the condition Ab4 (i.e. di-
rect sums of exact sequences are exact) and T* a bounded complex of small projective
objects of A satisfying

(i) {T"[F] | i € Z} is a generating set for D(A),

(i) Hompay (T, T"[i]) = 0 fori # 0.
If either of the following conditions (1) or (2) is satisfied, then we have an equiva-
lence of triangulated categories

D(A)®(T") = D*(Mod B),
where B = Endp4)(T*)°P.

(1) A has enough projectives.
(2) A has enough injectives and D(A)Z%(T*) C D*(A).

Moreover, if D(A)°(T*) C D°(A), then we have an equivalence
D"(A) = D" (Mod B).

Proof. According to [BN], Corollary 1.7, D(A) contains direct sums. Since T* is
a bounded complex of small projective objects of A, T* is a compact object in
D(A). By Theorem 1.3 D(A) has a t-structure (D(A)<%(T"),D(A)=°(T*)), and
Homp4)(T*,—) : D(A)°(T") — Mod B is an equivalence.
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(1) By the construction of X=" in Proposition 1.1, D™ (.A) also has a t-structure
(D~ (A)=Y(T*),D™(A)=°(T*)) and hence by Theorem 1.3 (3) we have D~ (A)°(T*) =
D(A)°(T*). According to [Ri], Proposition 10.1, we have a fully faithful O-functor
F’: D™ (Mod B) — D™ (A). Also, since F'(B) =T, F' sends B-modules to objects
in D(A)%(T*). Then we have a fully faithful -functor

F : D(Mod B) — D(A),

which sends B-modules to objects in D(A)°(T*). For any X € D(A)"(T*), there
exist integers m < n such that X € D(A)™"(T*). Let I = n —m. If | = 0, then
there exist obviously a B-module M and an integer s such that X = F(M|[s]). If
I > 0, then we have a distinguished triangle

XSl X - X2 —

with X2 € D(A)"(T*) and X="~1 € D(A)™"=1(T"). Since F is full, by induc-
tion on [, there exists U+ € D”(Mod B) such that X = F(U").

(2) By the assumption, D" (A) also has a t-structure (DT (A)<%(T*),
D*(A)Z°(T*)). Thus D (A)®(T*) = D(A)P(T"), and hence D*(A)(T*) =
D(A)°(T"). By [BBD], Section 3, we have a d-functor real : DP(D(A)°(T*)) —
D*(A), and then we have a d-functor

F : D*(Mod B) — D(A),

which sends B-modules to objects in D(A)°(T"). Let f € Homp ) (X", Y"[n]) with
XY € D(A)(T) and n > 0. Take a distinguished triangle in D (A)

X; v L Xx -

such that V* is a direct sum of copies of 7" and Homp4)(7*,t) is an epimorphism.

By easy calculation, X; € D(A)°(T*), and hence we get an exact sequence in
D(A)(T")

0—X; =V 5 X —o.

Since Homp 4y (T, Y*[n]) = 0, we have ft = 0, i.e. ¢ effaces f. Thus the epimorphic
version of effacibility in [BBD], Proposition 3.1.16 can be applied.

Finally, it is easy to see that D(A)°(T*) C D"(A) implies D”(A) = D(A)P(T").

O

2. TORSION THEORIES FOR ABELIAN CATEGORIES

Throughout this section, we fix the following notation. Let A be an abelian
category satisfying the condition Ab4, and let d;l : P! — P% be a morphism in
A with the P? being small projective objects of A, and denote by P the mapping
cone of dp'. We set C(P*) = D(A)°(P*), B = Endp(4)(P*)°", and define a pair of
full subcategories of A

Y(P) = {X € A | Hompy)(P", X) = 0},
For any X € A, we define a subobject of X

T(X) = m f

ZfEHomA(HO(P'%X)I
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and an exact sequence in A
(ex): 0 — 7(X) 2% X — n(X) — 0.

Remark 2.1. It is easy to see that P is a compact object of D(A), and we have
X(P)=D(A)=%(P)NA and Y(P') = D(A)ZH(P) N A.
Lemma 2.2. For any X € A, the following hold.

(1) Ker(Homa(dp', X)) = Homp ) (P, X).

(2) Cok(Hom(dz', X)) = Homp4) (P, X[1]).
Lemma 2.3. For any X € A, the following hold.

(1) Homp(ay(P*, X[n]) =0 forn>1 andn < 0.

(2) Homp(a)(P*, X) = Hom4(H’(P"), X).
Lemma 2.4. The following hold.

(1) X(Pr) is closed under factor objects and direct sums.
(2) Y(P*) is closed under subobjects.
(3) For any X € A, Hom 4 (H°(P*), jx) is an isomorphism.

Lemma 2.5. For any X' € D(A) and n € Z, we have a functorial exact sequence
0— HomD(A)(P',Hnil(X')[l]) — HomD(A)(P',X'[n]) — HomD(A)(P',H"(X')) — 0.

Moreover, the above short exact sequence commutes with direct sums.

Proof. For X*[n] € D(A), applying Homp4)(—, X*[n]) to a distinguished triangle

d=t
P—l _P PO - P —,
we have a short exact sequence

0 — Cok(Homp4)(dp', X*[n — 1])) — Homp4)(P*, X*[n])
— Ker(Homp 4 (dp', X*[n])) — 0.

Also, by Lemma 2.2 we get

Ker(Homp4)(dp", X*[n])) = Ker(Homa (dp', H* (X))
= HomD(A)(P',H"(X') ,

Cok(Homp4)(dp', X*[n — 1])) = Cok(Hom4(dp", H" ™' (X")))
=~ Homp ) (P, H" ' (X*)[1]).

Since the P? are small objects, the above short exact sequence commutes with direct
sums. O

Lemma 2.6. The following are equivalent.
(1) {P:[i] | i € Z} is a generating set for D(A).
(2) X(P)nY(P) ={0}.

Proof. (1) = (2). For any X € X(P*)NY(P), by Lemma 2.3 (1), Homp4)(P",
X[n]) =0 for all n € Z and hence X = 0.

(2) = (1). Let X* € D(A) with Homp)(P*, X*[n]) = 0 for all n € Z. Then by
Lemma 2.5, H*(X*) € X(P") N Y(P) = {0}. O
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Lemma 2.7. The following hold.
(1) H°(P*) € X(P*) if and only if Homp 4 (P+, P*[i]) = 0 for all i > 0.
(2) HY(P) € Y(P*) if and only if Homp 4 (P+, P[i]) = 0 for alli < 0.

Proof. By Lemma 2.5. O

Definition 2.8. A pair (X,)) of full subcategories X,Y in an abelian category A
is called a torsion theory for A provided that the following conditions are satisfied
(see e.g. [Di] for details):

(i) xny={0};
(i) X is closed under factor objects;
(iii) Y is closed under subobjects;
(iv) for any object X of A, there exists an exact sequence 0 —» X' — X — X" — 0

in A with X' € X and X" € Y.

Remark 2.9. Let A be an abelian category and (X,Y) a torsion theory for A.
Then for any Z € A, the following hold.

(1) Z € X if and only if Hom4(Z,Y) = 0.

(2) Z €Y if and only if Homa (X, Z) = 0.

Theorem 2.10. The following are equivalent for a complex P*: P! LTI PO with
the P? being small projective objects of A.

(1) {P[i] | i € Z} is a generating set for D(A) and Homp(4)(P*, P'[i]) = 0 for

all 1> 0.

(2) X(P)NY(P) = {0} and H°(P*) € X(P").

(3) X(P)NY(P)={0} and 7(X) € X(P*), n(X) € Y(P*) for all X € A.

(4) (X(P*),Y(P*)) is a torsion theory for A.
Proof. (1) < (2). By Lemmas 2.6 and 2.7 (1).

(2) = (3). Let X € A. Since H*(P*) € X(P"), it follows that 7(X) € X(P").
Next, apply Homp4)(P, —) to the canonical exact sequence (ex). It then follows
by Lemmas 2.3 (2) and 2.4 (3) that Homp(4)(P*,jx) is an isomorphism. Thus
Homp4) (P, 7(X)) = 0 and hence (X) € Y(P").

(3) = (4). Obvious.

(4) = (1). By Lemmas 2.3 (2), 2.6, 2.7 (1) and Remark 2.9 (1). O

Definition 2.11. For a complex X* = (X*,d"), we define the following truncations:

osn(X):... = 0—Imd" — X" — X"+
ocn(X) i = X" 2 5 X" S Kerd” —0— ...,
o sn(X) ... —=0— Cokd™™ ' — X"t X2

o (X)) = X" X s Imd T -0 —

Lemma 2.12. For any X' € D(A) with H"(X*) =0 for n >0 and n < —1, there
exists a distinguished triangle in D(A) of the form

H'(X)[1] - X - H(X") —.

*

Proof. We have exact sequences in C(.A)
0—o0<1(X") = X" > 0-1(X") =0,

0= 0'<o(05-1(X")) = 051 (X7) = 0"50(X") — 0.
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Also, o< 1(X*) = H Y (X")[1], o’ <o(o>_1(X")) = 0 and ¢’>o(X") = H°(X*) in
D(A). Thus we get a desired distinguished triangle in D(.A). O

Lemma 2.13. Assume X(P*) N Y(P*) = {0}. Then for any X' € D(A), the
following are equivalent.

(1) X-€C(P).
(2) H*(X*) =0 forn >0 and n < —1, H*(X*) € X(P*) and H*(X*) € Y(P*).
Proof. By Lemma 2.5. O

Remark 2.14. Let A be an abelian category and X, full subcategories of A. Then
the pair (X,Y) is a torsion theory for A if and only if the following two conditions
are satisfied:
(i) Homu(X,Y) =0;
(ii) for any object X in A, there exists an exact sequence0 — X' — X — X" — 0
in Awith X' ¢ X and X" € Y.

dpt .
Theorem 2.15. Let P be a complex P~' —2— PY with the P* being small projec-

tive objects of A. Assume X(P*) N Y(P*) = {0} and H*(P*) € X(P*). Then the
following hold.
(1) C(P) is admissible abelian.
(2) The functor
HOIHD(A)(P', —) : C(P) — Mod B
s an equivalence.
(3) (Y(P)[1],X(P*)) is a torsion theory for C(P*).

Proof. (1) and (2) According to Theorem 2.10, Theorem 1.3 can be applied.

(3) Note first that by Lemma 2.13 we have X' (P*) C C(P*) and Y(P*)[1] C C(P*).
Also, it is trivial that Homp4)(V(P*)[1], X (P*)) = 0. Let X+ € C(P*). Then by
Lemmas 2.12 and 2.13 we have a distinguished triangle in D(A) of the form

H'(X)[1] - X - H(X") —.
It follows that the sequence in C(P*)
0—HYX)[1] - X - H(X)—=0
is exact. Thus by Remark 2.14 (Y(P*)[1], X(P*)) is a torsion theory for C(P+). O

Proposition 2.16. Assume P+ satisfies the conditions

(i) {P[f] | i € Z} is a generating set for D(A),

(ii) Homp s (P, P*[i]) = 0 for i # 0.
If A has either enough projectives or enough injectives, then we have an equivalence
of triangulated categories

D”(A) = D" (Mod B).
Proof. Let X* € D(A). According to Lemma 2.5 and Theorem 2.10, it is easy to

see that if X* belongs to D(A)=°(P*) (resp., C(P*)), then H*(X*) =0 for n < —1
(resp., n < —1 and n > 0). Thus we have

D(A)=°(P") € D*(A) and C(P*) C D"(A),
so that Corollary 1.5 can be applied. O
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3. TORSION THEORIES FOR MODULE CATEGORIES

In this section, we apply results of Section 2 to the case of module categories. In
and after this section, R is a commutative ring and I is an injective cogenerator in
the category of R-modules. We set D = Hompg(—,I). Let A be an R-algebra and
denote by Proj A (resp., proj A) the full additive subcategory of Mod A consisting
of projective (resp., finitely generated projective) modules. We denote by A°P
the opposite ring of A and consider right A-modules as left A°P-modules. Also,
we denote by (—)* both the A-dual functors Homa(—, A) and set v = D o (—)*.

-1
Throughtout this section, P+ is a complex P! dr P? with the P? being finitely
generated projective A-modules.

It is well known that, in a module category, the small projective objects are just
the finitely generated projective modules. In the following, we deal with the case
where A = Mod A and use the same notation as in Section 2.

Lemma 3.1. For any X € Mod A, we have
Homp(voq 4 (P, X[1]) 2 H' ((P)*)®4X.
Proof. We have

Hompmod 4) (£, X [1]) = Homg(mod 4) (P, X[1])
=~ H'(Hom’ (P*, X))
=~ HY((P)*®,X)
>~ H' ((P)")®aX.

O
Lemma 3.2. The following hold.
(1) X(P) = Ker(H' ((P*)*)®4~).
(2) Y(P*) = Ker(Hom 4 (H°(P), —)).
Proof. By Lemmas 2.3 (2) and 3.1. O

Lemma 3.3. The following hold.

(1) DE((P)*) =H™ (v(P")).

(2) X(P*) = Ker(Homa(—,H ' (v(P)))) and hence H*(P*) € X(P*) if and only

ifH (v(Pr) € Y(P).

(3) Ker(Torj (H'((P)*), ~)) = Ker(Ext}y (=, H™' (v(P")))).
Proof. We have D(H'((P+)*)) = H Y (D((P*)*)) = H '(v(P*)) and for any X €
Mod A we have

D(H'((P)")®aX) = Homa(X, H™' (v(P"))),
D(Tory' (H'((P")*), X))) = Ext}y (X, H™ ((F"))).

Lemma 3.4. The following hold.
(1) X(P) C Ker(Exty (H(P),—)).
(2) Y(P*) C Kex(Tori' (H'((P*)*), —))-



ON ¢-STRUCTURES AND TORSION THEORIES 11

Proof. This is due essentially to Auslander [Au]. We have an exact sequence in
Mod A
0-H'YP)—-P 1P -HP)-0
with the P’ finitely generated projective, and an exact sequence in Mod A°P
0 HO(P)* — P — P~ L HY((P)*) -0

with the P% finitely generated projective.
(1) Let X € Mod A. For any M € Mod A°P, we have a functorial homomorphism

Ori : M®4X — Homy (M*, X),m®x — (h+— h(m)z)

which is an isomorphism if M is finitely generated projective. Since the P? are
reflexive, we have H(P*) = H°((P*)**) and H '(P*) = H'((P")*)*. We have a
commutative diagram

P%@,X —— P euX —— HYP))osX ——0

Opo- | == |

Hom, (P%**, X) ——— Hom(P~"*, X) —— Hom,(H }(P*), X)

with the top row exact. Since the @p:i. are isomorphisms, Ext! (HY(P+),X) is
embedded in H'((P*)*)®4X. The assertion follows by Lemma 3.2.
(2) Let X € Mod A. For any Y € Mod A, we have a functorial homomorphism

Ny : Y'®@4X — Homy (Y, X), h@z — (y — h(y)x)

which is an isomorphism if Y is finitely generated projective. We have a commuta-
tive diagram

HO(P)*®AX - PO*®AX N P—1*®AX

1 | e

0 —— Homyu (H°(P*),X) —— Homu(P°, X) —— Homyu (P~ 1, X)

with the bottom row exact. Since the 7p: are isomorphisms, Tor{ (H! ((P)*), X)
is a homomorphic image of Hom 4(H°(P*), X). The assertion follows by Lemma
3.2. O

Theorem 3.5. The following are equivalent for a complex P : P! dr PO with
the P being finitely generated projective A-modules.
(1) X(P)NY(P") = {0} and H°(P*) € X(P").
(2) X(P)NY(P)={0} and 7(X) € X(P*), n(X) € Y(P*) for all X € Mod A.
(3) (X(P*),Y(P)) is a torsion theory for Mod A.
(4) X(P*) consists of the modules generated by H*(P*) and Y(P*) consists of the
modules cogenerated by H™* (v(P*)).

Proof. (1) < (2) & (3). By Theorem 2.10.

(3) = (4). Since Hom 4 (H°(P+), —) vanishes on Y(P+), H°(P*) € X(P*). Thus
X(P*) contains the modules generated by H°(P+). Conversely, let X € X(P*).
Then, since (1) implies (2), 7(X) € Y(P*) and hence Homu (X, 7(X)) = 0. Thus
X = 7(X), which is generated by H(P+). Next, since by Lemma 3.3 (2) H™*(v(P*))
€ Y(P*), Y(P) contains the modules cogenerated by H™!(v(P+)). Conversely, let
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X € Y(Pr). Take a set of generators {fx}rea for an R-module Hom 4 (X,
H™ ' (v(P*))) and set

[ X = H ' w(P)N 2= (fa(z))rea-

It is obvious that Hom (f, H™ ( (P*))) is surjective. Also, by Lemmas 3.3 (3) and
3.4(2) we have Extl(Im f,H ' (v(P*))) = 0. Applying Homu(—, H ' (v(P*))) to
the canonical exact sequence

0—Kerf =X —Imf—0,

we get Homu (Ker f,H ' (v(P*))) = 0. Thus Ker f € X(P*) N Y(P*) and hence
Ker f = 0.
(4) = (1). By Lemma 3.3 (2). O

Corollary 3.6. The following are equivalent.
(1) P is a tilting complex.
(2) X(P)NY(P) = {0},H (P") € X(P*) and H ' (P*) € Y(P").
(3) (X(P*),Y(P*)) is a torsion theory for Mod A and H*(P*) € Y(P*).

Proof. By Lemmas 2.6, 2.7 and Theorem 3.5. O

For an object X in an additive category B, we denote by add(X) the full sub-
category of BB consisting of objects which are direct summands of finite direct sums
of copies of X.

Corollary 3.7. For any tilting complexes P; : Pl_1 — P, P P2_1 — PY for A
of term length two, the following are equivalent.

(1) (X(P}), Y(Pr)) = (X(P5),Y(P3)).

(2) add(P;) = add(P;) in K®(Proj A).

Proof. (1) = (2). It follows by Corollary 3.6 that Q" = P; & P; is a tilting complex
such that (X(Q),Y(Q")) = (X (F;),V(F;)) (i = 1,2). Let B = Endpmod 4)(Q")°P
and for ¢ = 1,2 denote by e; the composite of canonical homomorphisms @* —
P; — @ . Then for i = 1,2 we have an equivalence D™ (Mod B) — D™ (Mod ¢; Be;)
which sends Be; to e; Be;, so that the Be; are tilting complexes for B, i.e. projective
generators for Mod B. It follows by Morita Theory that add B = add Be; in Mod B.
Thus add(P;) = add(P;) in K" (Proj A).

(2) = (1). Tt is obviously deduced that add(H *(v(P;))) = add(H *(v(Ps)))
and add(H°(P;)) = add(H°(P;)). O

Theorem 3.8. Let P be a complex P~! e, PY with the P' being finitely gen-
erated projective A-modules. Assume X(P*) N Y(P*) = {0} and H*(P*) € X(P*).
Then the following hold.

(1) {P-[i] | i € Z} is a generating set for D(Mod A).

(2) C(P) is admissible abelian.

(3) (Y(P)[1],X(P*)) is a torsion theory for C(P*).

(4) The functor

HomD(Mod A)(P', —) C(P) — Mod B
s an equivalence.

Proof. By Lemma 2.6 and Theorem 2.15. O
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Remark 3.9. The following are equivalent.
(1) P is a tilting complex.
(2) X(P)NY(P)={0} and P € C(P").

Example 3.10 (cf. [HK]). Let A be a finite dimensional algebra over a field k
given by a quiver

(e
—

>
s — =

—

2
E
3
v
with relations fa = vB = v = ad = 0. For each vertex i, we denote by S(i), P(7)

the corresponding simple and indecomposable projective left A-modules, respectively.
Define a complex P* as the mapping cone of the homomorphism

dx' = [§308]: P@? e P(4) - P(1) & P(3),

where f and g denote the right multiplications of o and -y, respectively. Then P+
s mot a tilting complex. However, P satisfies the assumption of Theorem 3.8 and
hence we have an equivalence of abelian categories

Hompmod 4) (P, —) : C(P*) — Mod B,
where B = Endpmod 4)(P*)P is a finite dimensional k-algebra given by a quiver
12 3+— 4.
There exist exact sequences in C(P) of the form
0—5(1) = S@2)[] = PA)[] =0, 0—-53)—SH[1]—PEB)1] =0,

and these objects and morphisms generate C(P*).

4. EQUIVALENCES BETWEEN TORSION THEORIES

d71
Throughout this section, P : P~ —£— PV is assumed to be a tilting complex.
Then there exists an equivalence of triangulated categories

F:D™(Mod B) — D™ (Mod A)

such that F(B) = P. Let G: D™ (Mod A) — D™ (Mod B) be a quasi-inverse of F.
For any n € Z, we have ring homomorphisms

B — Ends(H"(P))® and B — Enda(H"((P)")).
In particular, H’(P*) is an A-B-bimodule and H'((P*)*) is a B-A-bimodule.
Lemma 4.1. The following hold.

(1) For any X* € C(P*), we have G(X*) = Homp mod 4) (P, X*).
(2) We have an equivalence

Hompmod 4y (P, —) : C(P*) — Mod B
whose quasi-inverse is given by the restriction of F' to Mod B.

Proof. See [Ri], Section 4. O

Lemma 4.2. There exists a tilting complex Q* € K (proj B) such that
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) @ =G(A),
i) Q’=0f0r2>1andz<0
iii) H'(Q) = H'((P)") for 0 <i <1,
iv) H (Homy(Q, B)) = H (P*) for —1 <i <0.
Proof. By [Ri], Proposition 6.3, there exists Q" € K" (proj B) satisfying Q" = G(A).
Since
H'(Q") = Homp(mod 5) (B, Q'[i])
= Homp vod A (P, Afil)
= H'((F)"),
we have Q" 2 0<1(Q") in K" (proj B). Also, since
H'(Hom; (Q, B)) 2 Homp (wmod 5)(Q", Bli])
= Homp(vod 4) (4, P[i])
= 1 (P),
we have Hom (Q", B) = o<o(Homi (Q, B)) in K®(proj B°?) and Q" = o/5¢(Q") in
K" (proj B). Thus, we can assume Q° = 0 for i > 1 and i < 0. O

Lemma 4.3. For any M € Mod B, the following hold.
(1) HY(F(M)) =0 fori >0 andi < —1.
(2) HY(F(M)) = H(P)®pM.
(3) HT'(F(M)) = Homp(H' ((P*)*), M).

Proof. For any i € Z, we have

H'(F(M)) = Hompwod 4) (4, F(M)[i])

= Homp(mod 5) (@', Mi]).
Thus HY(F(M)) =0 for i >0 and i < —1. Also,

HO(F(M)) = Hompmod ) (Q", M)
=~ H°(Homy(Q", M))
= HO(Hom}B(Q', B)®pgM)
= HO(Horn}B (@, B)) @M
= HO(P)®BM,

H Y (F(M)) = HomD(ModB)(Q»M[ 1])
= H™ (Homp(Q", M))
—HOIHB(H (Q )7M)
= Homp(H' ((P*)*), M).

Theorem 4.4. Define a pair of full subcategories of Mod B
UP) = Ker(H(P)®p—), V(P) = Ker(Homp(H'((P)*),-)).
Then the following hold.
(1) U(P),V(P)) is a torsion theory for Mod B.
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(2) We have a pair of functors
Homy (HY(P?),—) : X(P*) — V(P*), HY(P)®p—:V(P') — X(P)

which define an equivalence.
(3) We have a pair of functors

HY((P))@a=: Y(P) = U(P"), Homp(H'((P)7), =) :UP") — V(P")
which define an equivalence.

Proof. (1) According to Lemmas 3.2 and 4.2, we can apply Corollary 3.6 for a
tilting complex @ to conclude that (U(P*), V(P*)) is a torsion theory for Mod B.
(2) For any X € X(P*), by Lemmas 2.13, 4.1 (1) and 4.3 (3) we have

Homp (H' ((P)*), Homa (H(P*), X)) = H™' (F(G(X)))
=~ H1(X)
=0.

Also, since by Lemma 3.2 (1) and Corollary 3.6 H!((P*)*)®, H*(P) = 0,
H(P)*)®, H(P)®@pM = 0 for all M € V(P). The last assertion follows by
Lemmas 2.13, 4.1 and 4.3.

(3) For any Y € Y(P*), by Lemmas 2.13, 3.1, 4.1 (1) and 4.3 (2) we have

H(P)@p H'((P)")@aY = H(F(G(Y[L)))
= H(Y[1])
=0.
Also, since H*((P*)*)®4 H°(P*) = 0, for any N € U(P") we have

Hom 4 (H°(P*), Homp (H'((P*)*),N)) % I(;IomB(Hl((P')*)Q@A H°(P"), N)

The last assertion follows by Lemmas 2.13, 4.1 and 4.3. O

Definition 4.5. Let (U, V) be a torsion theory for an abelian category A. Then
U, V) is called splitting if Ext} (V,U) = 0.

For a left A-module M, we denote by proj dim 4M (resp., inj dim 4 M) the
projective (resp., the injective) dimension of M.

Proposition 4.6. The torsion theory (U(P*),V(P*)) for Mod B is splitting if and
only if Ext% (X(P*),Y(P")) = 0. In particular, (U(P*),V(P*)) is splitting if either
proj dim X <1 for all X € X(P*) orinj dimY <1 for all Y € Y(P*).

Proof. For any X € X(P*) and Y € Y(P*), we have

Extp (Homa(H(P), X), H' ((P)")®4Y) & Hompmod ) (G(X), G(Y[1])[1]))
= Homp(mod 4) (X, Y[2])
~ Ext} (X, Y).
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5. TORSION THEORIES FOR ARTIN ALGEBRAS

In this section, we deal with the case where R is a commutative artin ring, I
is an injective envelope of an R-module R/rad(R) and A is a finitely generated
R-module. We denote by mod A the full abelian subcategory of Mod A consist-
ing of finitely generated modules. Throughout this section, P* is also a complex

dp' .
P~1 £, PY with the P? being finitely generated projective A-modules. Note that
H"(P*),H"(v(P*)) € mod A for all n € Z. We set

X,(P)=X(P)NmodA and Y.(P)=Y(P)NmodA.

Proposition 5.1. The following are equivalent.
(1) X.(P)NY.(P) = {0} and H°(P*) € X.(P").
(2) X(P)NYe(P) ={0} and 7(X) € X(P*), m(X) € Yc(P*) for all X € mod A.
(3) (Xe(P*),Ve(P*)) is a torsion theory for mod A.
(4) X.(P*) consists of the modules generated by H*(P*) and Y.(P*) consists of the
modules cogenerated by H™ (v(P*)).

Proof. By the same arguments as in the proof of Theorem 3.5. O

Lemma 5.2. The following are equivalent.
(1) {P-[i] | i € Z} is a generating set for D(mod A).

Proof. By the same arguments as in the proof of Lemma 2.6. O

Lemma 5.3. The following hold.
(1) If DA € X,(P*), then H *(P*) =0, i.e. P-=H"(P*) in D(mod A).
(2) H°(v(P*)) € X.(P*) if and only if H*(P*) € V.(P").
Proof. For any P € proj A, we have functorial isomorphisms
v(P) =2 DA®4P and P = Homyu(DA,v(P)).
Thus
H(v(P')) = DA®AH°(P) and H '(P') = Homa(DA,H ' (v(P)))
and hence
Hom (H(v(P*)),H *(v(P*))) = Homs(DA® o H(P*),H ' (v(P*)))
& Hom, (H(P*),Hom (DA, H ™ (v(P*))))
=~ Hom, (H(P),H ' (P")).
O

Lemma 5.4. Assume X,(P*) N YV.(P*) = {0} and H*(P*) € X,(P*). Then the
following are equivalent.

(1) H'(v(P)) € Xo(P").

(2) X.(P) is stable under DA 4 —.

(3) HT'(Pr) € Ve(Pr).

(4) V.(P*) is stable under Homy (DA, —).
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Proof. (1) = (2). Let X € X.(P*). Then by Proposition 5.1 X is generated by
H°(P*) and hence DA® 4 X is generated by DA® 4 H°(P*) = H(v(P*)) € X.(P").
(2) = (3). Since H'(v(P*)) = DA HY(P*) € X.(P*), by Lemma 5.3 (2) we
have H™'(P*) € V.(P*).
(3) = (4) = (1). By the dual arguments. O

Proposition 5.5. The following are equivalent.
(1) P is a tilting complex.
(2) X.(P)NY.(P)={0}, H'(P*) € X.(P) and H *(P*) € Y.(P").
(3) (Xe(P*),Y.(P)) is a torsion theory for mod A and H™'(P*) € V.(P").
(4) (X.(P*),Y.(P)) is a torsion theory for mod A and X.(P*) is stable under

DAR4—.
(5) (Xe(P*),V(P)) is a torsion theory for mod A and Y.(P*) is stable under
Hom4 (DA, —).
Proof. By Proposition 5.1, Lemmas 2.7, 5.2 and 5.4. O

Definition 5.6. Let A be an abelian category and C a full subcategory of A closed
under extensions. Then an object X € C is called Ext-projective (resp., Ext-
injective) if Exty (X,C) = 0 (resp., Ext}(C,X) =0).

Proposition 5.7. Assume P* is a tilting complex. Then the following hold.

(1) H°(P) € X.(P*) is Ext-projective and generates X.(P*).
(2) H ' (v(P*)) € V.(P*) is Ext-injective and cogenerates Ve(P*).

Proof. By Propositions 5.1, 5.5 and Lemmas 3.3, 3.4. O

Theorem 5.8. Let (X,)) be a torsion theory for mod A such that X contains an
Ext-projective module X which generates X, Y contains an Ext-injective module
Y which cogenerates Y, and X is stable under DARs—. Let My be a minimal
projective presentation of X and N3, a minimal injective presentation of Y. Then

P = My @ Hom'y (DA, Ny)[1]
is a tilting complex such that X = X.(P*) and Y = Y.(P*).

Proof. According to Proposition 5.5, we have only to show that X = X.(P*)
and Y = Y.(P*). Tt follows by [Ho2], Lemmas 2 and 3 that H*(P*) € X and
H '(v(P)) € Y. Since X is a direct summand of H’(P*) and Y is a direct sum-
mand of H™* (v(P*)), it follows that H’(P*) generates X and H™*(v(P*)) cogener-
ates ). It now follows by Remark 2.9, Lemmas 3.2, 3.3 (2) that X = X.(P*) and

Remark 5.9. Let
S={P:P ' = P e K"(projA) | P is a tilting complex for A}

on which we define the equivalence relation P; ~ Ps provided add P; = add Ps in
K" (proj A), and let T be the collection of torsion theories (X,Y) for mod A such
that X contains an Ext-projective module X which generates X, Y contains an
Ext-injective module Y which cogenerates ), and X is stable under DA® ,—. Set
O(P) = ((X(P?), Vo(P)) for P €6,
U((X,Y)) = My & Hom (DA, Ny )[1] for (X,)) € %.
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Then, according to Corollary 3.7, Propositions 5.5, 5.7 and Theorem 5.8, ® and ¥
induce a one to one correspondence between &/ ~ and X.
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