RECOLLEMENT AND TILTING COMPLEXES

JUN-ICHI MIYACHI

ABSTRACT. First, we study recollement of a derived category of unbounded
complexes of modules induced by a partial tilting complex. Second, we give
equivalent conditions for P* to be a recollement tilting complex, that is, a tilt-
ing complex which induces an equivalence between recollements {D 4,44 (4),
D(A),D(eAe)} and {Dp,psp(B),D(B),D(fBf)}, where e, f are idempotents
of A, B, respectively. In this case, there is an unbounded bimodule complex A,
which induces an equivalence between D 4,4.4(A) and Dg,pyp(B). Third,
we apply the above to a symmetric algebra A. We show that a partial tilting
complex P+ for A of length 2 extends to a tilting complex, and that P* is a
tilting complex if and only if the number of indecomposable types of P- is
one of A. Finally, we show that for an idempotent e of A, a tilting complex
for eAe extends to a recollement tilting complex for A, and that its standard
equivalence induces an equivalence between Mod A/AeA and Mod B/BfB.

0. INTRODUCTION

The notion of recollement of triangulated categories was introduced by Beilinson,
Bernstein and Deligne in connection with derived categories of sheaves of topological
spaces ([1]). In representation theory, Cline, Parshall and Scott applied this notion
to finite dimensional algebras over a field, and introduced the notion of quasi-
hereditary algebras ([5], [14]). In quasi-hereditary algebras, idempotents of algebras
play an important role. In [16], Rickard introduced the notion of tilting complexes
as a generalization of tilting modules. Many constructions of tilting complexes
have a relation to idempotents of algebras (e.g. [13], [19], [6], [7]). We studied
constructions of tilting complexes of term length 2 which has an application to
symmetric algebras ([8]). In the case of algebras of infinite global dimension, we
cannot treat recollement of derived categories of bounded complexes such as one
in the case of quasi-hereditary algebras. In this paper, we study recollement of
derived categories of unbounded complexes of modules for k-projective algebras
over a commutative ring k, and give the conditions that tilting complexes induce
equivalences between recollements induced by idempotents. Moreover, we give some
constructions of tilting complexes over symmetric algebras.

In Section 2, for a k-projective algebra A over a commutative ring k, we study a
recollement {/Cp,D(A),D(B)} of a derived category D(A) of unbounded complexes
of right A-modules induced by a partial tilting complex P, where B = Endpa)(P").
We show that there exists the triangle £y in D(A®) which induce adjoint functors
of this recollement, and that the triangle &y is isomorphic to a triangle which is
constructed by a Pr-resolution of A in the sense of Rickard (Theorem 2.8, Propo-
sition 2.15, Corollary 2.16). In general, this recollement is out of localizations of
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triangulated categories which Neeman treated in [12] (Corollary 2.9). Moreover, we
study a recollement {D4/4c4(A), D(A),D(eAe)} which is induced by an idempo-
tent e of A (Proposition 2.17, Corollary 2.19). In Section 3, we study equivalences
between recollements which are induced by idempotents. We give equivalent con-
ditions for P* to be a tilting complex inducing an equivalence between recollements
{Da/aca(A),D(A),D(eAe)} and {Dp,psp(B),D(B),D(fBf)} (Theorem 3.5). We
call this tilting complex a recollement tilting complex related to an idempotent
e. There are many symmetric properties between algebras A and B for a two-
sided recollement tilting complex pT%(Corollaries 3.7, 3.8). Moreover, we have
an unbounded bimodule complex A; € D(B° ® A) which induces an equivalence
between Dg/sca(A) and D pyp(B). The complex Ay is a compact object in
D4/aca(A), and satisfies properties such as a tilting complex (Propositions 3.11,
3.13, 3.14, Corollary 3.12). In Section 4, we study constructions of tilting complexes
for a symmetric algebra A over a field. First, we construct a family of complexes
{6;,(P*, A)},,>0 from a partial tilting complex P+, and give equivalent conditions
for ©;,(Pr, A) to be a tilting complex (Definition 4.3, Theorem 4.6, Corollary 4.7).
As applications, we show that a partial tilting complex P of length 2 extends to
a tilting complex, and that P- is a tilting complex if and only if the number of
indecomposable types of P is one of A (Corollaries 4.8, 4.9). This is a complex
version over symmetric algebras of Bongartz’s result on classical tilting modules
([3]). Second, for an idempotent e of A, by the above construction a tilting com-
plex for eAe extends to a recollement tilting complex T* related to e (Theorem 4.11).
This recollement tilting complex induces that A/AeA is isomorphic to B/BfB as a
ring, and that the standard equivalence R Hom’, (7", —) induces an equivalence be-
tween Mod A/AeA and Mod B/BfB (Corollary 4.12). This construction of tilting
complexes contains constructions obtained by several authors.

1. Basic TooLs ON k-PROJECTIVE ALGEBRAS

In this section, we recall basic tools of derived functors in the case of k-projective
algebras over a commutative ring k. Throughout this section, we deal only with
k-projective k-algebras, that is, k-algebras which are projective as k-modules. For
a k-algebra A, we denote by Mod A the category of right A-modules, and denote
by Proj A (resp., proj A) the full additive subcategory of Mod A consisting of pro-
jective (resp., finitely generated projective) modules. For an abelian category A
and an additive category B, we denote by D(A) (resp., DT(A), D™ (A), D"(A))
the derived category of complexes of A (resp., complexes of A with bounded below
cohomologies, complexes of A with bounded above cohomologies, complexes of A
with bounded cohomologies), denote by K(B) (resp., K" (B)) the homotopy category
of complexes (resp., bounded complexes) of B (see [15] for details). In the case of
A =B = Mod A, we simply write K*(A) and D*(A) for K*(Mod A) and D*(Mod A),
respectively. Given a k-algebra A we denote by A° the opposite algebra, and by
A° the enveloping algebra A° ®; A. We denote by Resa : Mod B°®; A — Mod A
the forgetful functor, and use the same symbol Res4 : D(B°®,A) — D(A) for the
induced derived functor. Throughout this paper, we simply write ® for ®.

In the case of k-projective k-algebras A, B and C, using [4] Chapter IX Section
2, we don’t need to distinguish the derived functor
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Resy, o (RHomy) : D(A°® C)° x D(B° ® C) — D(B° ® A) — D(k)
(resp., Resp o (@5): D(A° ® B) x D(B° ® C) — D(A° ® C) — D(k))

with the derived functor
RHomg o((Resc)® x Resc) : D(A° ® C)° x D(B° ® C) — D(C)° x D(C) — D(k)

(resp., ® 5 o (Resp X Resgo) : D(A° ® B) x D(B° ® C) — D(B) x D(B°) — D(k))

(see [17], [2] and [20] for details). We freely use this fact in this paper. Moreover,
we have the following statements.

Proposition 1.1. Let k be a commutative ring, A, B, C, D k-projective k-algebras.
The following hold.

(1) For sAUp € D(A°® B), gV € D(B°® C),cWj, € D(C° ® D), we have an
isomorphism in D(A° ® D):

WU @ EVYoLw; 2 U0 5(v- @ Ewy).

(2) For sUp € D(A°® B),pVgs € D(D°® C), aW € D(D° @ C), we have an
isomorphism in D(B° ® D):

RHom' (4Ug, RHomy (pVe, aWe)) &2 RHomi(p Ve, RHom'y (aUp, AWE)).

(3) For AUy € D(A°® B), gV € D(B°® C), pW¢ € D(D° ® C), we have an
isomorphism in D(D° ® A):

RHomy (AU @ 5V, pWe) 2 RHomy (4Uy, RHomy (5Ve, pWE)).

(4) For AUy € D(A°® B), gVs € D(B°® C), aW € D(A° ® C), we have an
isomorphism in D(k):

RHom' oo (aU" @ Ve, aWe) = RHom'yo g 5(aUg, RHomy (5Ve, aWE)).

(5) For AUz € D(A°® B), gV € D(B°® C), aWg € D(A° ® C), we have a
commutative diagram:

Homp(acge) (AU @ 5V, aWs) = Homp(acgp)(aUs, R Homy (5Ve, aWE))
Resc | | Resp

HomD(C)(U' ® gVCa WC) = HomD(B)(UB7 RHOIIIC (BVCa WC))a
where all horizontal arrows are isomorphisms induced by 8 and 4. Equiva-
lently, we don’t need to distinguish the adjunction arrows induced by V¢
(see [10], IV, 7).

Definition 1.2. A complex X* € D(A) is called a perfect complex if X* is iso-
morphic to a complex of K®(proj A) in D(A). We denote by D(A)pert the trian-
gulated full subcategory of D(A) consisting of perfect complexes. A bimodule com-
plex X+ € D(B°®yA) is called a biperfect complex if Resa(X") € D(A)pert and if
Respo(X*) € D(B®)pert-

For an object C of a triangulated category D, C' is called a compact object in D
if Homp(C, —) commutes with arbitrary coproducts on D.
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For a complex X* = (X, d*), we define the following truncations:
o<n X ... - X" 2 X" S Kerd" —0— ...,
o> X — 0 — Cokd" ! — Xxntl , xn+2 .

The following characterization of perfect complexes is well known (cf. [16]). For
the convenience of the reader, we give a simple proof.

Proposition 1.3. For X+ € D(A), the following are equivalent.
(1) X is a perfect complex.
(2) X is a compact object in D(A).

Proof. 1 = 2. It is trivial, because we have isomorphisms:
Homp ) (X", —) = R° Homy (X", )
~ °(— @ TR Hom (X", 4)).

dn—l

2 = 1. According to [2] or [20], there is a complex P : ... — P71 ——— P —
... € K(Proj A) such that
(a) Pr= X" in D(4),
(b) Homga)(P,—) = Homp(a)(P*, —).
Consider the complex C" : ... 2 cokant & ..., then it is easy to see that C* =

the coproduct [, o, Cokd™ *[—n] = the product [, ., Cokd™ [—n], that is the
biproduct @p,,c, Cokd"![—n] of Cokd™ ![—n]. Since we have isomorphisms in
Mod k:

HneZ Homg (P, Cok d"~![~n]) 22 Homk ) (P, @nez Cok d"[—i])
= HnGZ HOIIIK(A) (P', Cok dn_l [—’I’L]),

it is easy to see Homy4)(P*,Cokd" ![—n]) = 0 for all but finitely many n € Z.
Then there are m < n such that P* = ¢'>,,0<, P and ¢'>,m0<, P € Kb(Proj A).
According to [16] Proposition 6.3, we complete the proof. (]

Definition 1.4. We call a complex X* € D(A) a partial tilting complez if
(a) X € D(A)Perf;
(b) Hompa)(X+, X*[n]) =0 for all n # 0.

Definition 1.5. Let X* € D(A) be a partial tilting complex, and B = Endp(4)(X*).
According to [9] Theorem, there exists a unique bimodule complex V* € D(B° @ A)
up to isomorphism such that
(a) there is an isomorphism ¢ : X* — Resa V" in D(A) such that ¢f = Ag(f)¢
for any f € Endp)(X*), where Ap : B — Endpa) (V") is the left multi-
plication morphism.
We call V* the associated bimodule complex of X*. In this case, the left multiplica-
tion morphism A\p : B — RHom'y (V*, V") is an isomorphism in D(B®).

Rickard showed that for a tilting complex P* in D(A) with B = Endpa)(F"),
there exists a two-sided tilting complex gT € D(B° ® A) ([17]).

Definition 1.6. A bimodule complex pT € D(B°®A) is called a two-sided tilting
complex provided that
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a) Ty is a biperfect complez.
T is a biperf l
(b) There exists a biperfect complex ATy such that
T @ 5Ty = B in ,
b1) T @ LTy =~ B in D(B®
(b2) ATV @ LTy = A in D(A®).

We call AT} the inverse of gT%.

Proposition 1.7 ([17]). For a two-sided tilting complex gT% € D(B° ® A), the
following hold.

(1) We have isomorphisms in D(A° @ B):
ATY = RHom' (T, A)
>~ RHoms(T, B).

(2) RHom,(T",—) = — @ ETV- : D*(A) — D*(B) is a triangle equivalence,

and has RHomy(TY", —) = — @ 5T : D*(B) — D*(A) as a quasi-inverse,
where * = nothing, +, —,b.

In the case of k-projective k-algebras, by [17] we have also the following result
(see also Lemma 2.6).

Proposition 1.8. For a bimodule complex g1, the following are equivalent.

(1) BTy is a two-sided tilting complex.

(2) BTy satisfies that
(a) BT is a biperfect complex,
(b) the right multiplication morphism pa : A — RHoms(T",T") is an iso-
morphism in D(A®),
(c) the left multiplication morphism A\p : B — RHom',(T*,T") is an iso-
morphism in D(B®).

2. RECOLLEMENT AND PARTIAL TILTING COMPLEXES

In this section, we study recollements of a derived category D(A) induced by a
partial tilting complex P3 and induced by an idempotent e of A. Throughout this
section, all algebras are k-projective algebras over a commutative ring k.

Definition 2.1. Let D, D" be triangulated categories, and j* : D — D" a 0-
functor. If j* has a fully faithful right (resp., left) adjoint j. : D" — D (resp.,
ji: D" — D), then {D,D";j*,j.} (resp., {D,D";ji,j*}) is called a localization
(resp., colocalization) of D. Moreover, if j* has a fully faithful right adjoint j. :
D" — D and a fully faithful left adjoint j, : D" — D, then {D,D";j1,j*, j«} is
called a bilocalization of D.

For full subcategories U and V of D, (U,V) is called a stable t-structure in D
provided that

(a) U and V are stable for translations.

(b) Homp(U,V) = 0.

(c) For every X € D, there exists a triangle U — X — V — U[1] with U e U
and V € V.

We have the following properties.
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Proposition 2.2 ([1], cf. [11]). Let (U, V) be a stable t-structure in a triangulated
category D, and let U - X -V — U[1l] and U' — X' — V' — U’[1] be triangles
in D with U,U € U and V,V' € V. For any morphism f : X — X', there exist
a unique fy : U — U’ and a unique fy : V. — V' which induce a morphism of
triangles:

U X 1% U]
ful lf lfv lfu[l]
U X' 1% U'[1).

In particular, for any X € D, the above U and V are uniquely determined up to
isomorphism.

Proposition 2.3 ([11]). The following hold.
(1) If{D,D"; j*, j«} (resp., {D,D";ji,j*}) is a localization (resp., a colocaliza-
tion) of D, then (Ker j*,Im j.) (resp., (Im ji, Ker j*) ) is a stable t-structure.
In this case, the adjunction arrow 1p — j.j* (resp., jij* — 1p) implies
triangles
U—X—j4.jX—-U[]
(resp., 717" X - X -V — X[1])
with U € Ker j*, j.7*X € Imj,. (resp., 17X € Imj, V € Kerj*) for all
X eD.
(2) If {D,D";j,7*, 4« } is a bilocalization of D, then the canonical embedding
iv : Kerj* — D has a right adjoint i' : D — Kerj*and a left adjoint
i* : D — Ker j* such that {Ker j*, D, D";i*, i.,4', ji,7*, j.} is a recollement
in the sense of [1].
(3) If {D',D,D";i*,iv,i', j1,5*, ju} is a recollement, then {D,D";ji,j*, j.} is
a bilocalization of D.
Proposition 2.4 ([1]). Let {D',D,D";i*,i.,i', ji,j*, j«} be a recollement, then
(Im iy, Im j,) and (Im j,,Im i) are stable t-structures in D. Moreover, the adjunc-
tion arrows « : iyi' — 1p, B : 1p — juj*, v : jij* — 1p, 6 : 1p — 03" imply
triangles in D:
X 2 X 2 G X it X,

X 25 X O X S X,
for any X € D.
By Definition 2.1, we have the following properties.
Corollary 2.5. Under the condition of Proposition 2.4, the following hold for X €
D.
(1) i.i'X =2 X (resp., X = j,5*X) in D if and only if ax (resp., Bx) is an
isomorphism.
(2) 17" X 2 X (resp., X = i,i*X) in D if and only if yx (resp., dx) is an
isomorphism.

For X € Mod C° @ A, Q € Mod B° @ A, let
TQ (X) : X XA HOmA(Q, A) - HOII’IA(Q,X)

be the morphism in Mod C° ® B defined by (z®f — (¢ — xf(q))) for z € X,q € Q,
f € Homa(Q, A). We have the following functorial isomorphism of derived functors.
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Lemma 2.6. Let k be a commutative ring, A, B, C k-projective k-algebras, gV €
D(B°®A) with ResaV* € D(A)pert, and V* = RHom'y (V*, A) € D(A°®B). Then
we have the (0-functorial) isomorphism:

v :—® Ly = RHomy (V', —)
as derived functors D(C° ® A) — D(C° ® B).
Proof. 1t is easy to see that we have a 0-functorial morphism of derived functors
D(C°® A) — D(C° ® B):

v —®Lv* — RHom, (V*,—).
Let P € K®(proj A) which has a quasi-isomorphism P* — ResV*. Then we have
a O-functorial isomorphism of d-functors D(C° ® A) — D(C®)

P —®a Hom’y (P, A) = Hom (P*, —).

Since Resco o 7y = 7p and H'(7p) is an isomorphism, 7y is a d-functorial isomor-
phism. (Il

Concerning adjoints of the derived functor — ® Lv* by direct calculation we
have the following properties.

Lemma 2.7. Let k be a commutative ring, A, B, C k-projective k-algebras, gV €
D(B° ® A) with ResaV* € D(A)pert, and 4V = RHom)(V+, A) € D(4A° ® B).
Then the following hold.

(1) 7v induces the adjoint isomorphism:
D : HomD(Co®B)(—, ?7® ﬁV*') = HOmD(Co®A)(— ® éV', 7).

Therefore, we get the morphism ey : V* ® Ly — A in D(A®) (resp.,

Yy : B — V'@ Lv* in D(B®)) from the adjunction arrow of A € D(A®)
(resp., B € D(B®)).

(2) In the adjoint isomorphism of 1, the adjunction arrow — ® Ly ® Ly —
1p(coga) (resp., Ipcegp) — — @ BV @ Lv*) is isomorphic to — @ Ley
(resp., — ® Loy ).

(3) In the adjoint isomorphism:

Hompcoga)(—, RHomp (V*,?)) = Homp(cogp) (— @ Lven),

the adjunction arrow lpcega) — RHomp(V*, — ® EV*) (resp.,
RHomp(V*, —) @ kv — 1p(cegn)) is isomorphic to RHom(ev, —)
(resp., RHomp(Jy,—)).

Let A, B be k-projective algebras over a commutative ring k. For a partial tilting
complex P € D(A) with B = Endpa)(P*), let gV} be the associated bimodule
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complex of P*. By Lemma 2.6, we can take
jvi=—® 5V :D(B) — D(4),

gt = —®@ Lv* =~ RHom',(V*,—) : D(A) — D(B),
jv« = RHomyx(V*, —): D(B) — D(A).
By Lemma 2.7, we get the triangle &y in D(A°):
VRO RV Sh AL Ay(V) = VR BV

Let Kp be the full subcategory of D(A) consisting of complexes X* such that
Homp4) (P, X[i]) = 0 for all i € Z.
Theorem 2.8. Let A, B be k-projective algebras over a commutative ring k, P* €
D(A) a partial tilting complex with B = Endpa)(P*), and let gV be the associated
bimodule complex of P*. Take

iy =—®5Au(V") : D(A) — Kp, jvi=—® BV :D(B) — D(A),

ive = the embedding : Kp — D(A), jv =—-®%5V* :D(A) — D(B),

iy = RHom'y (A% (V"), =) : D(A) — Kp, jv« = RHomp(V*, —): D(B) — D(A),
then {]va D(A), D(B)a Z?/a Z‘V*v il\/?jV!aj{k/,jV*}:

Kp = D(4) = D(B)

s a recollement.
Proof. Since it is easy to see that 7y (V") o ¥y is the left multiplication morphism
B — RHom(V", V"), by the remark of Definition 1.5, ¥y : B — V- @ EV* is
an isomorphism in D(B®). By Lemma 2.7, {D(A), D(B); jv1,ji, jv+} is a bilocal-
ization. By Proposition 2.3, there exist i}, : D(A) — Kp, iy« = the embedding
: Kp — D(A), i}, : D(A) — Kp such that {Kp, D(A), D(B); %, iv, iy, v, Jir, jve }
is a recollement. For X+ € D(A), by Lemma 2.7, X* @ &ey is isomorphic to the
adjunction arrow jyji, (X*) — X-. Then X~ ® Ly is isomorphic to the adjunction
arrow X* — iy,i%,(X*), and hence we can take i}, = —© %A+ (V") by Propositions
2.2, 2.4. Similarly, we can take i}, = RHom’y (A% (V*), —). O

In general, the above A% (V") and Ay (e) in Proposition 2.17 are unbounded
complexes. Then, by the following corollary we have unbounded complexes which
are compact objects in Kp and in D4 4.4(A). This shows that recollements of
Theorem 2.8 and Proposition 2.17 are out of localizations of triangulated categories
which Neeman treated in [12].

Corollary 2.9. Under the condition Theorem 2.8, the following hold.
(1) Kp is closed under coproducts in D(A).
(2) For any X* € D(A)pert, X* @ LAY (V*) is a compact object in Kp.
Proof. 1. Since P+ is a compact object in D(A), it is trivial.
2. Since we have an isomorphism:
HOmD(A) (Z*{/X, Y) &~ HOmD(A) (X', Y)
for any Y* € Kp, we have the statement. [
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Corollary 2.10. Let A, B be k-projective algebras over a commutative ring k,
P € D(A) a partial tilting complex with B = Endp(a)(P*), and let gV be the
associated bimodule complex of P*. Then the following hold.

(1) Ay (V) = Ay (V) @5 Ay (V") in D(A°).
(2) RHom (Ay(V+), Ay (V")) 22 Ay (V*) in D(A®).

Proof. Since Ay (V*) @ 5V *[n] =2 jiiv.it (Aln]) = 0 for all n, Ay (V") @ &ny is an
isomorphism in D(A®). Similarly, since

RHomy (V* @ LV, A% (V*))[n] = RHomy (V*, Ay (V) @ V=) [n]
=0

for all n, RHom’(ny, A (V")) is an isomorphism in D(A®). O

Lemma 2.11. Let D be a triangulated category with coproducts. Then the following
hold.

(1) For morphisms of triangles in D (n > 1):

L, —— M, —— N, —— L,]

| | ! |

Loyt —— Mpy1 —— Noy1 —— Laa[l],

there exists a triangle [[ Ln, — [[Ln — L — J[ Ln[l] such that we have
the following triangle in D:

L — hocolimM,, — hocolimN,, — L[1].

—

(2) For a family of triangles in D: Cp, — Xp—1 — X, — Cu[1] (n > 1), with
Xo = X, there exists a family of triangles in D:

Cpl-1]—=Y1 =Y, —=C, (n>1),
with Yy = 0, such that we have the following triangle in D:
Y - X — hogl)ian — YT1],
where [[Y, = [[Yn = Y — [ Ya[1] is a triangle in D.
Proof. 1. By the assumption, we have a commutative diagram:

1L, — [IM, —— [N, —— JILn[1]

l 1—shift l 1—shift

1L, — [IM, —— [N, —— ]I Ln[1]

According to [1] 9 lemma, we have the statement.
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2. By the octahedral axiom, we have a commutative diagram:
C’I’L p— Cn

7
>
b
i

A

Chll] —— C,[1],
where all lines are triangles in D. By 1, we have the statement. ([l

For an object M in an additive category B, we denote by Add M (resp., add M)
the full subcategory of B consisting of objects which are isomorphic to summands
of coproducts (resp., finite coproducts) of copies of M.

Definition 2.12. Let A be a k-projective algebra over a commutative ring k, and
P € D(A) a partial tilting complex. For X* € D™ (A), there exists an integer r
such that Homp(a)(P*, X*[r +1i]) = 0 for all i > 0. Let X5 = X*. Forn > 1, by
induction we construct a triangle:

P:n—r—1] gi»X;l_l EXT'LHP,&[H—T]

as follows. If Homp(a)(P*, X;, _4[r —n+1]) =0, then we set P;, = 0. Otherwise,
we take P;, € Add P and a morphism g, : P, — X;_i[r —n + 1] such that
Hompay(P*, g;,) is an epimorphism, and let g, = g, [n —r —1]. By Lemma 2.11,
we have triangles:

Pn—r—-2-Y;, =Y, — Pn—r—1]
and Y5 = 0. Then we define Vi (P, X") and A (P, X") to be the complex Y of
Lemma 2.11 (2) and hocolimX;,, respectively. Moreover, we have a triangle:
Vi (P, X)) — X — A (P, X") — Vi (P, X)[1].

Lemma 2.13. Let A, B be k-projective algebras over a commutative ring k, P* €
D(A) a partial tilting complex with B = Endpa)(P*), and gV} the associated
bimodule complex of P*. For X* € D™ (A), we have an isomorphism of triangles in

D(A):

iy X* X vy Xt —— vy XC[1
| H | |

Proof. By the construction, we have Hompa(P+, AL (P, X*)[i]) = 0 for all 4,
and then A: (P, X*) € Imiy, (see Lemma 4.5). Since jy is fully faithful and
P+ € Im jy, it is easy to see Y;; € Im jy1. Then Vi (P, X*) € Im jy1, because jy
commutes with coproducts. By Proposition 2.2, we complete the proof. (I
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Definition 2.14. Let A be a k-projective algebra over a commutative ring k, and
P+ € D(A) a partial tilting complex. Given X+ € D(A), for n > 0, we have a
triangle:

Vie(Po<pn X)) = 0<n Xt — A (P,0<, X") = Vi (P o< X7)[1].
According to Lemma 2.18 and Proposition 2.2, for n > 0 we have a morphism of
triangles:

v'oo(P'vUSnX') — o<nX” — A'oo(Plv‘JSnX') — V'OO(P',O'SnX')[l]
V'oo(P'7USn+1X') —  o<pnp1 X’ — A'oc(P'7gS"+1X') — V'OO(P',USnJrlX')[l].
Then we define Vi (P, X*) and A: (P, X*) to be the complex L of Lemma 2.11
(1) and hocolimAy (P*,0<,X"), respectively. Moreover, we have a triangle:

Vi (P, X7) = Xt = AL (P, X7) — Vi (P, X0)[1],
because X* = hocolim o<, X".
Proposition 2.15. Let A, B be k-projective algebras over a commutative ring k,
P € D(A) a partial tilting complex with B = Endpa)(P*), and gV} the associated

bimodule complex of P*. For X+ € D(A), we have an isomorphism of triangles in
D(A):

Jvigy X X ivaipy Xt —— vy X[l
| H | |

Proof. By Lemma 2.13, Vi (P",0<,X") € Imjy, and Ay (P,0<,X") € Imiy..
Since P is a perfect complex, Homp4)(P*, —) commutes with coproducts. Then
we have AL (P, X*) € Imiy.. We have also Vi (P, X*) € Im jy1, because jyi is
fully faithful and commutes with coproducts. By Proposition 2.2, we complete the
proof. ([l

Corollary 2.16. Let A, B be k-projective algebras over a commutative ring k,
P € D(A) a partial tilting compler with B = Endpa)(P*), and gV} the associated
bimodule complex of P*. For X* € D(A), we have isomorphisms in D(A):

xS b By 2 v (P ),
X bR (V) = A (P X,
Proof. By Theorem 2.8 and Proposition 2.15, we complete the proof. O
For an idempotent e of a ring A, by Hom 4 (eA, A) = Ae, we have

jar = — @ EaeeA : D(ede) — D(4),

IS = —®4 Ae 2 Homa(eA,—) : D(A) — D(eAe),

Jj%« = RHom, 4.(Ae,—) : D(eAe) — D(A).
And we also get the triangle &, in D(A°):

Ae® Ly eA o A28 Ay (e) —» Ae @ Ly e A[L].

Throughout this paper, we identify Mod A/AeA with the full subcategory of Mod A
consisting of A-modules M such that Hom(eA, M) = 0. We denote by D} ;4.4 (A)
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the full subcategory of D*(A) consisting of complexes whose cohomologies are in
Mod A/AeA, where x = nothing, +, —,b. According to Theorem 2.8, we have the
following.

Proposition 2.17. Let A be a k-projective algebra over a commutative ring k, e
an idempotent of A, and let

G = — ® ﬁA'A(e) :D(A) — Dajaca(A), ja = — ® fAeeA : D(ede) — D(A),

i%. = the embedding : Dajaca(A) — D(A), ji = — ®a Ae : D(A) — D(ede),

i% = RHom’, (A (e),—): D(A) — Dajaca(A), ja.=RHom}.(Ae,—):D(ede) — D(A).
Then {D4/4c4(A),D(A),D(ede); i, 1%, %, 5%, 75 7%, + s a recollement.

Remark 2.18. According to Proposition 1.1 and Lemma 2.7, it is easy to see that
{DC"’(XlA/AeA(C’O ® A)) D(CO ® A)7 D(OO ® 6‘46);1'164*72.?4*7ii:jzhjz*ajil*} is also a
recollement for any k-projective k-algebra C'.

Corollary 2.19. Let A be a k-projective algebra over a commutative ring k, and e
an idempotent of A, then the following hold.

(1) Ay(e) & fAy(e) = Ay(e) in D(A°)
(2) RHom (Ay(e), Ay(e)) = Ay (e) in D(A°)
(3) We have the following isomorphisms in Mod A®:
AfAeA = Endp(a)(Ay(e)) = H(Ay(e)).
Moreover, the first isomorphism is a Ting isomorphism.

Proof. 1, 2. By Corollary 2.10.
3. Applying Homp4)(—, A% (e)) to &, we have an isomorphism in Mod A°:

Homp4)(Ay(e), Au(e)) = Hompa) (A, Ay(e)),

because Hompa)(Ae @ Ly eA, Ay (e)[n]) = Hompa) (5155 (A),i%.i%(A)[n]) = 0
for all n € Z by Proposition 2.3, 1. Applying Homp4)(4, —) to &, we have an
isomorphism between exact sequences in Mod A®:

Hompa)(A4, Ae ® {;AeeA) —  Hompay(A,4) — Hompa)(A4,Au(e)) =0

1 1 12
Ae Recae €A — A — A/AeA — 0.

Consider the inverse of Homp 4y (A (€), Ay (e)) = Hompa)(A, Ay (e)), then it is

easy to see that Hompa)(A, A) — Homp4)(A, Ay (e)) — Hompay(Ay(e), Ay(e))
is a ring morphism. (I

Remark 2.20. [t is not hard to see that the above triangle & also play the same
role in the left module version of Corollary 2.19. Then we have also

(1) RHomty. (4,(¢), A4 ()) = A (c) in D(A)
(2) We have a ring isomorphism (A/AeA)® = Endp(a0)(Ay(e)).

3. EQUIVALENCES BETWEEN RECOLLEMENTS

In this section, we study triangle equivalences between recollements induced by
idempotents.
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Definition 3.1. Let {D,,, D!; jn«, ji:} (resp., {Dn, Dl jnt, jiss jnx }) be a colocaliza-
tion (resp., a bilocalization) of D, (n = 1,2). If there are triangle equivalences
F : Dy — Dy, F'" : D} — DY such that all squares are commutative up to (O-
functorial) isomorphism in the diagram:

DS DY D, = D
F| LE"  (resp., F| LF"),
D, S DY D, = DI

then we say that a colocalization {D1, DY; jnx, 55} (resp., a bilocalization {Dq, DY;
J1, 45, 1k }) is triangle equivalent to a colocalization {Da, DY; jnx, j5} (Tesp., a bilo-
calization {Da, DY; jn1, Ja, Jos})-

For recollements {D.,, Dy, D3 1% iy ity Jnty 45y s} (0 = 1,2), if there are tri-
angle equivalences F' : Dy — Dy, F : Dy — Do, F" : D} — D} such that all
squares are commutative up to (0-functorial) isomorphism in the diagram:

D = D = D
F/l Fl lF//

Dy = Dy = D

then we say that a recollement {Dy, D1, D} 0%, 14,15, j11, 51, J1= } 18 triangle equiva-
lent to a recollement {Dly, Dy, DY; %, iox, ib, jo1, j5, jox }-

We simply write a localization {D, D"}, etc. for a localization {D,D”;j*, j.},
etc. when we don’t confuse them. Parshall and Scott showed the following.

Proposition 3.2 ([14]). Let {D.,D,, D!} be recollements (n = 1,2). If triangle
equivalences F : Dy — Dy, F" : DY — DY induce that a bilocalization {Dy, DY} is
triangle equivalent to a bilocalization {D2, DY}, then there exists a unique triangle
equivalence F' : Dy — Dh up to isomorphism such that F', F,F" induce that a
recollement {D}, D1, DY} is triangle equivalent to a recollement {D}, Do, DY }.

Lemma 3.3. Let A be a k-projective algebra over a commutative ring k, and e an
idempotent of A. For X+ € D(A)pert, the following are equivalent.

(1) X* = P in D(A) for some P* € K°(addeA).
(2) jaia (X+) = X+ in D(A).
(3) vx is an isomorphism, where v : j4,7%" — 1pa) is the adjunction arrow.

Proof. 1 = 2. Since 74,75 (P) = P in Mod A for any P € addeA, it is trivial.
2 < 3. By Corollary 2.5.
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3 = 1. Let {Y;}ier be a family of complexes of D(A). By Proposition 1.3, we
have isomorphisms:

HHOHID(eAe)(ji*(X ), ga (Y7 HHomD(A)(JA']A (X),Y7)
i€l el
= [ Hompa) (X, Y7)
il
= Hompa) (X", [ ¥7)
il
= Homp ) (55175 ( H Y;)
el
= HomD(eAe jA HY
iel
= HomD(eAe) JA H]
el

Since any complex Z* of D(eAe) is isomorphic to j5 (Y™") for some Y € D(A), by
Proposition 1.3 the above isomorphisms imply that j5*(X*) is a perfect complex of
D(eAe). Therefore, 55,75 (X*) is isomorphic to P+ for some P+ € K”(added). [

Lemma 3.4. Let A, B be k-projective algebras over a commutative ring k, and
e, [ idempotents of A, B, respectively. For X*)Y* € D(B° ® A), we have an
isomorphism in D((fBf)®):
fB®p RHomy (X", Y")®p Bf 2 RHom', (f X", fY).
Proof. First, by Proposition 1.1, 2, we have isomorphisms in D((fBf)° ® B):
fB®p RHom’y (X",Y") = Homp(Bf, RHom y (X",Y"))
~ RHom'y (X', Hompg(Bf,Y"))
=~ RHom'y (X, fY™).
Then we have isomorphisms in D((fBf)®):
fB®p RHom', (X", Y")®p Bf 2 RHom, (X", fY*) ®p Bf
~ Homp(fB, RHomy (X", fY))
=~ RHom'y (fX, fY™).
O
Theorem 3.5. Let A, B be k-projective algebras over a commutative ring k, and

e, [ idempotents of A, B, respectively. Then the following are equivalent.

(1) The colocalization {D(A),D(eAe); j%, j% } is triangle equivalent to the colo-
calization {D(B), D(fBf): i} 5"}

(2) There is a tilting complex P+ € K"(projA) such that P = P; & Pj in
KP(proj A) satisfying
(a) B = EndD(A)(P'),
(b) under the isomorphism of (a), f € B corresponds to the canonical
morphism P+ — P; — P+ € Endp(4)(P*),
(c) P; € KP(addeA), and j§ (P;) is a tilting complex for eAe.
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(3) The recollement {Dajaca(A),D(A),D(edAe)} is triangle equivalent to the
recollement {Dp/psp(B),D(B),D(fBf)}.
Proof. 1 = 2. Let G : D(B) — D(A), G” : D(fBf) — D(eAe) be triangle equiva-
lences such that
D(B) = D(fBf)
G l l G//
D(A) S D(ede)
is commutative up to isomorphism. Then G(B) and G”(fBf) are tilting complexes
for A and for eAe with B = Endp(a)(G(B)), fBf = Endp(eae)(G"(B)), respec-
tively. Considering G(B) = G(fB)® G((1— f)B), by the above commutativity, we
have isomorphisms:

G(fB) = Gjfy(fBf)
= juG"(fBf)
~ ja Gt (fB)
= jaia G(fB),
JFG(fB) = G"jg (fB)
= G"(fBf).
By Lemma 3.3, G(fB) is isomorphic to a complex of K"(add eA), and j5 G(fB) is
a tilting complex for eAe.
2 = 3. Let Ty be a two-sided tilting complex which is induced by Pj. By

the assumption, Resa(fT*) = P; in D(A). By Lemma 3.3, v¢7 : 7555 (fT*) —
fT* is an isomorphism in D(A). By Remark 2.18, Proposition 1.1, 5, we have

fTe® L .eA~ fT-in D((fBf)° ® A). By Proposition 1.8, Lemma 3.4, we have
isomorphisms in D((fBf)®):

fBf = RHom (fT", fT")
>~ RHom (fT"e® Ly eA, fTe @k eA)
>~ RHom', (fT e, fT e ® L, eAe)
>~ RHom 4 .(fTe, fT"e).
By taking cohomology, we have
JBf = Hompeae)(fT"e, fT"e).

By the assumption, fT"e = j5 (fT") = 75 (P;) is a tilting complex for eAe. Since
it is easy to see the above isomorphism is induced by the left multiplication, by [17]
Lemma 3.2, [9] Theorem, fT"e is a two-sided tilting complex in D((fBf)° ® eAe).
Let

F = RHom',(T", —) : D(B° ® A) — D(B° @ B),

F" = RHom 4.(fT"e,—) : D(B° ® ede) — D(B° ® fBf),
G=—-Q®5ET :D(B°®B) — D(B°® A),
G'=-® JIZBffT'e : D(B° ® eAe) — D(B° ® fBf).

Using the same symbols, consider a triangle equivalence between colocalizations
{D(B° @ A),D(B° ® eAe); j,, 75} and {D(B° ® B),D(B° @ fBf); jL,i5}. And
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we use the same symbols
F = RHom(T",—):D(A) — D(B), F" = RHom.,.(fT"e,—):D(ede) — D(fBf),
G=—-®E5T :D(B) — D(A), Q" = - @ fpsfTe:D(eAe) — D(fBf).
For any X* € D(B° ® A) (resp., X € D(A)), by Proposition 1.1, 3, we have
isomorphisms in D(B° ® fBf) (resp., D(fBf)):
JEF(X*) =2 RHomy(fB, RHom', (T", X*))
>~ RHom (fT", X")
= RHom (ja,j4 (fT7), X")
= RHom 4, (54" (fT*), 4 (X7))
>~ 755X,
Since G, G are quasi-inverses of F', F" | respectively, for B € D(B° ® B) we have
isomorphisms in D(B° ® eAe):
Te= jG(B)
~ 6" (B)
~ Bf @ fpfTe.
Therefore, for any Y € D(eAe), we have isomorphisms in D(B):
ib.F"(Y*) = RHomyp(Bf, RHomy . (fT"e,Y"))
~ RHom(Bf @ fpfTe,Y")
>~ RHomz(T"e,Y")
>~ RHom% (55 (T7),Y")
= RHomp(T", j5.(Y"))
= Fjg.(Y7).
For any Z* € D(fBf), we have isomorphisms in D(A):
JiWG(Z) =7 ® %BffT'e ® Lyed
~ 7@ fpfT
~ 7R fBRp T
S
Since F', F" are quasi-inverses of G, G”, respectively, we have jé!F" = Fj%,. By

Proposition 3.2, we have the statement.
3 = 1. It is trivial. O

Definition 3.6. Let A be a k-projective algebra over a commutative ring k, and e
an idempotent of A. We call a tilting complex P € Kb(projA) a recollement tilting
complex related to an idempotent e of A if P+ satisfies the condition of Theorem
3.5, 2. In this case, we call an idempotent f € B an idempotent corresponding to
e.
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We see the following symmetric properties of a two-sided tilting complex which
is induced by a recollement tilting complex. We will call the following two-sided
tilting complex a two-sided recollement tilting complex gT"y related to idempotents
ec A, feB.

Corollary 3.7. Let A, B be k-projective algebras over a commutative ring k, and
e, f idempotents of A, B, respectively. Let pT be a two-sided tilting complex such
that

(a) fTe e D((fBf)° ®eAe) is a two-sided tilting complez,

(b) fTe® by eA= fT* in D((fBf)° ® A).
Then the following hold.
(1) Bf @ ¥, fT e = Tc in D(B° ® eAe).
(2) eTV*f is the inverse of fTe, where TV" is the inverse of T".
(3) Ae@ L, eTV'f = TV'f in D(A° ® fBf).
(4) eTV'f ® EppfB= el in D((ede)® ® B).

Proof. Here we use the same symbols in the proof 2 = 3 of Theorem 3.5. It
is easy to see that F' and F” induce a triangle equivalence between bilocalizations

{D(B°®4), D(B°®ede); ffy, 5 5.} and {D(B°®B), D(B°©1Bf): iy 75 7).
By the proof of Theorem 3.5, we get the statement 1, and jB*F F"j%, ]B,F” =
Fj4, and j " =2 Fj4.. Then we have isomorphisms ] “Fi% =2 PG, 2 F.
Since — ® Ty = F, we have isomorphisms eT"V*f = RHomeAe(fT'e,eAe) in
D((eAe)° ® fBf), and — @ L, eTV-f = F”. This means that eT""f is the inverse

of a two-sided tilting complex fT"e. Similarly, j};*F ~ P55 and jB,FH = Fj%
imply the statements 3 and 4, respectively. (]

Corollary 3.8. Let A, B be k-projective algebras over a commutative ring k, and
e, [ idempotents of A, B, respectively. For a two-sided recollement tilting complex

BTy related to idempotents e, f, we have an isomorphism between triangles T'®ﬁ§e
and &5 @ 5T in D(B° ® A):

Tre® by eA T T 5Ay(e) —— Tredly eAll]
| H | |
Bf & fppfT" T Ap(f) LT —— Bf & by fT]1).

Proof. According to Proposition 3.2, for the triangle equivalence between colocal-
izations in the proof of Corollary 3.7 there exists F' : Dpogp/pfp(B° ® B) —
Dpegasaca(B® @ A) such that the recollement

{Dpegn/BfB(B° ® B),D(B° ® B),D(B° ® fBf); ZB 77;B*7ZB7.]BHJB JB*}

is triangle equivalent to the recollement

{DB"Q@A/AeA(BQ ® A)v D(BO & A)a D(Bo ® eAe);iix*,ifq*,iix!,ji!,ji*,jfx*}-
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By Proposition 1.1, Lemma 2.7, the triangle 7™ ®£§e is isomorphic to the following
triangle in D(B° ® A):
Jagqd (Tr) = Tr — %05 (T7) — jaga (T[]

On the other hand, the triangle £y ® LT+ is isomorphic to the following triangle in
D(B°® A):

Fjlj (B) — F(B) — Fig, iy (B) — Fifjf (B)[1].
Since F(B) = T, Fifyg'(B) = jaF"ji (B) % jaui F(B). Fif,if(B) =
i4, Fil} (B) = iA*zZ*F( ), by Proposition 2.2, we complete the proof. O

Corollary 3.9. Let A, B be k-projective algebras over a commutative ring k, and
e, [ idempotents of A, B, respectively. For a two-sided recollement tilting complex
g1y related to idempotents e, f, the following hold.

(1) T @5 Ay (e) = Ap(f) @ T in D(B° ® A).
(2) Ay(e) @ ETV- =TV @ LA (f) in D(A° ® B).

Proof. 1. By Corollary 3.8.
2. We have isomorphisms in D(A° ® B):

Ayle) @ GTV =TV @ ET" ® f Ay (e) © T
=TV @ 5AR(f) @ 5T @ 5T
=~ TV @ FAR(f).
O

Definition 3.10. Let A, B be k-projective algebras over a commutative ring k, and
e, f idempotents of A, B, respectively. For a two-sided recollement tilting complex
BT related to idempotents e, f, we define

Ay =T-@5A(e) €D(B° @A), A¥ = Ay(e) @ 5TV € D(A° @ B).

Proposition 3.11. Let A, B be k-projective algebras over a commutative ring k,
and e, f idempotents of A, B, respectively. For a two-sided recollement tilting
complex g1’y related to idempotents e, f, let

F' = RHOmA(AT,f) : DA/AeA(A) — DB/BfB(B)a
F = RHom'y(T",—) : D(A) — D(B),
= RHom} 4.(fT"e,—) : D(eAe) — D(fBYf).
Then the following hold.

(1) We have an isomorphism F' = — @ LAY

(2) A quasi-inverse G' of F' is isomorphic to RHomz(AY:, —) = — @ LA
(3) F', I, F" induce that the recollement {Da/aca(A),D(A),D(ede)} is tri-
angle equivalent to the recollement {Dg,psp(B),D(B),D(fBf)}.
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Proof. According to Proposition 3.2, F” exists and satisfies F/ = i Fi€,, =~ il Fic, .
By Proposition 2.17, we have isomorphisms

i FiG, = RHomy (T°, —) @ 5A%(f)
~ — @ TV @ 5 AR(f),
i, Fify, = RHomy(Ap(f), R Homyy (T, -))
=~ RHom' (A (f) @ 517, —).
Let G = RHomjs(I"", ). Since G' = iff G, = ifjGi,., we have isomorphisms
5 GiL,, = RHomp (T, —) @ LAY (e)
>~ — @ T ®5Ay(e),
i%Gily, = RHom (Ay(e), RHomy (T, -))
>~ RHomy(Ay(e) ® {TV+, —).
By Corollary 3.9, we complete the proof. -

Corollary 3.12. Under the condition of Proposition 3.11, the following hold.

(1) ResaAr is a compact object in D 4/404(A).

(2) RespoAr is a compact object in D(g/pypye(B°).

(3) RHomy (A%, —) : Dhjaca(A) = Dy pyp(B) is a triangle equivalence,
where * = nothing, +, —,b.

Proof. 1, 2. By Corollary 2.9, it is trivial.
3. Since for any X* € D4 4.4(A) we have isomorphisms in Dg,psp(B):

F'(X*) = RHom'y (Ay, X°)
= RHom'y (T* ® LAy (e), X7)
~ RHom’y (T", RHom’y (A (e), X*))
~ RHomy (T", X*),

we have Im F”

D% a4 C D% psp(B), where * = nothing, +,—,b. Let G' =

RHom’;(AY:, —), then we have also ImG’ Dy py5(B) C D’/ea(A), where x =
nothing, 4+, —, b. Since G’ is a quasi-inverse of F’, we complete the proof. O

Proposition 3.13. Let A, B be k-projective algebras over a commutative ring k,
and e, f idempotents of A, B, respectively. For a two-sided recollement tilting
complex g1 related to idempotents e, f, the following hold.

(1) RHomy (A, Ay) = Ay & KA = Ay(f) in D(B).

(2) RHomo(Ay, Ay) = AY: @ EAz =2 Ay (e) in D(A®).

(3) We have a ring isomorphism Endp(a)(Ay) = B/BfB.
(4) We have a ring isomorphism Endp(pe)(Ay) = (A/AeA)°.
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Proof. 1. By Corollaries 2.19, 3.9, Proposition 3.11, we have isomorphisms in
D(B®):
RHomy (A7, Ay) = Ay @ Ay
= Ap(f) @ 5T @ 4TV @ BAR(f)

~ Ay(f) @ 5AR(S)
= Ap(f).
2. By Remark 2.20, Corollary 2.19, we have isomorphisms in D(A®):

RHom’so (A7, Ayp) = RHome (T* @ 5 Ay (), T* @ § Ay (e))

>~ RHom'. (A% (e), RHomy. (T, T* @ T A4 (e)))
=~ RHom'yo (Ay(e), Ay (e))
= Ay (e),

and have isomorphisms in D(A®):
A @ BAp = Ay(e) @ TV @ FT" @ 5 A% (e)

= Ay (e) @ §AY(e)
>~ Ay (e).
3. By Corollaries 2.19, 3.9, we have ring isomorphisms:
Endp) (A7) = Endp(s) (Ar @ 5TY)
= Endogm (45 (f) & BT & §T)
= Endp(p)(4%(f))
~ B/BfB.

4. By taking cohomology of the isomorphism of 2, we have the statement by
Remark 2.20. (]

We give some tilting complexes satisfying the following proposition in Section 4.

Proposition 3.14. Let A, B be k-projective algebras over a commutative ring
k, e an idempotent of A, P a recollement tilting complex related to e, and B =

Endp(ay(P*). If P* @ LAy (e) = Ay (e) in D(A), then the following hold.
(1) A/AeA = B/BfB as a ring, where f is an idempotent of B corresponding
to e.
(2) The standard equivalence RHom’, (1", —) : D(A) — D(B) induces an equiv-
alence RO Hom'y (T, —)|Mod 4/4ca : Mod A/AeA — Mod B/BfB, where
BT 1is the associated two-sided tilting complex of P-.

Proof. 1. By the assumption, we have an isomorphism Ress Ay = Resa Ay (e) in
D(A). By Corollary 2.19, Proposition 3.13, we have the statement.
2. Let D%/AeA(A) (resp., D%/BfB(B)) be the full subcategory of D4 4ca(A)

(resp., Dp/psp(B)) consisting of complexes X* with HY(X*) = 0 for i # 0. This
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category is equivalent to Mod A/AeA (res., Mod B/BfB). By Corollary 3.9, we
have isomorphisms in D(B):

AYr =2 Ay (e) @ 5T
=T @ kAy(e) @ 5TV
= Ap(f) @ BT 4T
=A%)

Define
F = RHOIDA(AT, —) : DA/AeA(A) — DB/BfB(B)7

G = RHOHIA(Ar\Z/«, —) : DB/BfB(B) — DA/AeA<A)7

then they induce an equivalence between D 4/4.4(A) and Dg,psp(B), by Proposi-
tion 3.11. For any X € Mod A/AeA, we have isomorphisms in D(k):
)

Resp RHom', (A, X) = RespRHom' (A (e), X
= X.
This means that Im F'|yoq 4/4c4 is contained in D%/BfB(B). Similarly since we
have isomorphisms in D(k):
Res, RHomy(A},Y) = Resy RHomz (A%(f),Y)
~y,
for any Y € Mod B/B fB, Im G'|wod /BB is contained in D%/AeA(A). Therefore

F’ and G’ induce an equivalence between D?MA&A(A) and D%/BfB(B). Since we
have isomorphisms in D(B):

RHom, (T*, X) = R Hom’, (T*,i%, (X))
= if, RHom (Ay, X)
for any X € Mod A/AeA, we complete the proof. O

4. TILTING COMPLEXES OVER SYMMETRIC ALGEBRAS

Throughout this section, A is a finite dimensional algebra over a field k, and
D = Homy(—, k). A is called a symmetric k-algebra if A = DA as A-bimodules. In
the case of symmetric algebras, the following basic property has been seen in [18].

Lemma 4.1. Let A be a symmetric algebra over a field k, and P* € Kb(proj A).
For a bounded complex X* of finitely generated right A-modules, we have an iso-
morphism:
Hom, (P, X*) = DHom'y (X", P*).
In particular we have an isomorphism:
Homg 4y (P, X*[n]) = D Homg 4 (X", P*[-n])
for any n € Z.

Definition 4.2. For a complex X*, we denote [(X*) = max{n | H"(X") # 0} —
min{n | H"(X") # 0} + 1. We call [(X") the length of a complex X".

We redefine precisely Definition 2.12 for constructing tilting complexes.
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Definition 4.3. Let A be a finite dimensional algebra over a field k, M a finitely
generated A-module, and P* : P°~" — ... — P57! — Ps ¢ Kb(proj A) a partial
tilting complex of length v + 1. For an integer n > 0, by induction, we construct a
family {A;, (P, M)}n>o0 of complezes as follows.
Let Ay(P*, M) = M. Forn > 1, by induction we construct a triangle (, (P, M):
Piln+s—r—1] %5 A, (P M) 25 4,(P, M) = Piln+ s — 1]

as follows. If Homyay (P, 4;,_ (P, M)[r —s —n+1]) = 0, then we set P;, = 0.
Otherwise, we take P; € add P* and a morphism g, : P, — A, _(P,M)[r —
s —n+1] such that Homg ay(P*, g;,) is a projective cover as Endp(a)(P*)-modules,
and g, = gn[n+ s —r —1]. Moreover, A, (P,M) = hoc&limA;l(P',M) and

O, (P M)= A, (P,M)® P[n+s—r].
By the construction, we have the following properties.
Lemma 4.4. For {A; (P, M)},>0, we have isomorphisms:
HY (5, (P M) & HT (A (P M)
for alli>0 and 0o > j > 0.
Lemma 4.5. For {A; (P, M)},>0 and co > n > r, we have
foralli#r—n—s.
Proof. Applying Homp(4)(P*,—) to (,(P,M) (n > 1), in case of 0 < n < r we
have
HOI’DD(A)(P'[S], An(PaM)[l]) =0

for ¢ >r —mn or ¢ < 0. Then in case of n > r we have
fori#r—n—s. ]
Theorem 4.6. Let A be a symmetric algebra over a field k, and P* € Kb(proj A)
a partial tilting complex of length r + 1. Then the following are equivalent.

(1) H'(A;(P, A)) =0 for all i > 0.

(2) ©;,(P, A) is a tilting complex for any n > r.
Proof. According to the construction of A; (P, A), it is clear that ©;, (P, A) gen-
erates K(proj A). By Lemmas 4.1 and 4.5, it is easy to see that ©;, (P, A) is a
tilting complex for A if and only if Homp4)(4;, (P, A), 4;,(P*, A)[i]) = 0 for all
1> 0. By Lemma 4.4, we have

H'(A; (P, A)) = H'(4;, (P, 4))

for all i > 0. For j < n, applying Homp4)(—, 4;,(P*, A)) to ¢;(P*, A), we have

Homp4)(45(P, A), 4;,(P*, A)[i]) = Homp(a)(4;_ (P, A), 4;, (P, A)[i])
for all i > 0, because Homp)(P*[j+s—r—1], A; (P, A)[i]) = 0 for alli > 0. There-
fore Homp4)(4, 4;,(P+, A)[i]) = 0 for all 7 > 0 if and only if Homp4)(4;, (P, A),
A (P, A)[i]) =0 for all ¢ > 0. O
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Corollary 4.7. Let A be a symmetric algebra over a field k, P+ € Kb(proj A) a
partial tilting complezx of length r + 1, and V* the associated bimodule complex of
P+. Then the following are equivalent.

(1) H (A (V*)) =0 for all i > 0.

(2) ©;,(P, A) is a tilting complex for any n > r.

Proof. According to Corollary 2.16, we have Ax(V*) =2 AL (P, A) in D(A). Since
H' (A (P, A)) = H'(A;.(P,A)) for i > 0, we complete the proof by Theorem
4.6. O

In the case of symmetric algebras, we have a complex version of extensions of
classical partial tilting modules which was showed by Bongartz [3].

Corollary 4.8. Let A be a symmetric algebra over a field k, and P € Kb(proj A)
a partial tilting complex of length 2. Then ©; (P, A) is a tilting complex for any
n>1.

Proof. By the construction, A¢ (P, A) =0 for i > 0. According to Theorem 4.6 we
complete the proof. O

For an object M in an additive category, we denote by n(M) the number of
indecomposable types in add M.

Corollary 4.9. Let A be a symmetric algebra over a field k, and P € Kb(proj A)
a partial tilting complex of length 2. Then the following are equivalent.

(1) Pr is a tilting complex for A.
(2) n(P) =n(A).

Proof. We may assume P* : P~' — PO Since ©1(P*,A) = P @ Aj(P*, A), by
Corollary 4.8, we have n(4) = n(0©1(P*, A)) = n(P*) + m for some m > 0. It is
easy to see that m = 0 if and only if add ©; (P*, A) = add P". O

Lemma 4.10. Let 0 : 1pae)y — J3 % be the adjunction arrow, and let X* €
D(ede) and Y+ € D(A). For h € Hompa)(j5,(X*),Y"), let ®(h) = j5°(h) o
Ox, then ® : Homp(a)(j5,(X"),Y") = Homp(a)(X*,j5Y") is an isomorphism as
Endp(a)(X*)-modules.

Theorem 4.11. Let A be a symmetric algebra over a field k, e an idempotent of
A Qe Kb(proj eAe) a tilting complex for eAe, and P* = j5,(Q") € Kb(proj A) with
I(P)=r+1. Forn >r, the following hold.

(1) ©;,(P, A) is a recollement tilting complex related to e.
(2) A/AeA= B/BfB, where B = Endp(4)(0;,(P,A)) and f is an idempotent
of B corresponding to e.

Proof. We may assume P* : P™" — ...P7! — P% Since j§, is fully faithful,
Homp4) (P, P*[i]) = 0 for i # 0. Consider a family {4;, (P*, A)},>0 of Definition
4.3 and triangles ¢, (Pr, A):

hoa (P A) 2 AP A) — Pyl — 1)

Piln—r—1]25 A
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The morphism ® of Lemma 4.10 induces isomorphisms between exact sequences in
Mod B:

Homp(a) (P, Py[n —r — 141]) — Homp 4y (P, Ay _1 (P, A)[d]) —
1@ | ®
Homp(eae)(Q 4 Prln —r —1414]) — Homp(eae)(Q, 54 An_1 (P, A)[i]) —
Homp(a) (P, 4;, (P, A)[i]) — Hompa) (P, Py[n — 7 +i])
1@ | @
HomD(eAe)(lejz*A:n (P7 A) [7']) - HomD(eAe) (Qajz*Pn [TL —-r+ ZD

for all i. By Lemma 4.10, we have j5 (¢ (P, A)) = (@, 75 A) in D(eAe), and
then {75 (4;,(P, A)) }n>0 = {A4;,(Q", Ae) },>0. By lemma 4.5, it is easy to see that

HomD(eAe)(Q" Aoo(Qa Ae)[z]) =0
for all ¢ € Z. Since @ is a tilting complex for ede, A:_(Q", Ae) is a null complex,
that is H (A (Q", Ae)) = 0 for all i € Z. By Lemma 4.4, for n > r we have
Hi(A;l(Q', Ae)) = 0 for all 4 > 0. By the above isomorphism, for n > r we have
H'(A:;, (P, A)) € Mod A/AeA for all i > 0. On the other hand, A; (P-, A) has the
form:
R:R"—...-R -R' — ... R

where R € addeA for i # 0, and R® = A ® R with R® € addeA. Since
Hom 4 (eA,Mod A/AeA) = 0, it is easy to see that A; (P, A) = o<oA; (P, A)
(2 0<o...0<r oA, (P, A) if 7 > 2). Therefore, H'(A;, (P, A)) = 0 for all i > 0,
and hence ©;, (P, A) is a recollement tilting complex related to e by Theorem 4.6.

Since ©;,(P1,A) = Pln —r] & R and j5,(X7) & Ay (e) = i%(X) = 0 for

X € D(eAe), we have an isomorphism ©;, (P, A) @4 A (e) = Av(e) in D(A). By
Proposition 3.14, we complete the proof. ([l

Corollary 4.12. Under the condition Theorem 4.11, let gT% be the associated two-
sided tilting complex of ©;,(P*, A). Then the standard equivalence R Hom’y (T, —) :
D(A) = D(B) induces an equivalence R® Hom'y (T, —)|Mod A/4ea : Mod A/AeA =
Mod B/BfB.

Proof. By the proof of Theorem 4.11, we have T* ® & A+, (e) = A, (e) in D(A). By
Proposition 3.14, we complete the proof. ([l

Remark 4.13. For a symmetric algebra A over a field k and an idempotent e of A,
eAe is also a symmetric k-algebra. Therefore, we have constructions of tilting com-
plexes with respect to any sequence of idempotents of A. Moreover, if a recollement
{Da/aea(A),D(A),D(eAe)} is triangle equivalent to a recollement {Dp/psp(B),
D(B),D(fBf)}, then B and fBf are also symmetric k-algebras.

Remark 4.14. According to [17], under the condition of Theorem 4.11 we have
a stable equivalence modA — modB which sends A/AeA-modules to B/BfB-
modules, where modA, modB are stable categories of finitely generated modules.
In particular, this equivalence sends simple A/AeA-modules to simple B/BfB-
modules.

Remark 4.15. Let A be a ring, and e an idempotent of A such that there is a
finitely generated projective resolution of Ae in Mod eAe. Then Hoshino and Kato
showed that ©;,(eA, A) is a tilting complezx if and only if Ext’(A/AeA,eA) = 0
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for 0 < i < n ([7]). In even this case, we have also AJ/AeA = B/BfB, where
B = Endp(4)(0©;,(eA, A)) and f is an idempotent of B corresponding to e. Moreover
if A, B are k-projective algebras over a commutative ring k, then by Proposition
3.14 the standard equivalence induces an equivalence Mod A/AeA = Mod B/BfB.
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