Lenma 3.1
In[1]:= Solve[{y =t x+s (ax+by), z==ax+by}, {y, z}]
asx+tx ax+bt x
out[1]= > -—, 5> -
I {{y -1+bs -1+bs }}

nep= Solve[(l-bs)u+ (tu+sv) (t +as) +v (a+bt) =0, {u}]

av+asiv+btv+styv
e {{UQ —+1+bs—+ast—+t2 }}

nzr= Col | ect [Expand [
(X-U)"2+(t X+SZ-tU-SV)"2+(z2-V)"2- U2+ (tu+svVv)"2+Vv"2)], {zZ, X}]

ouE (-2u-2t2u-2stv)x+ (1+t?)x®+ (-2stu-2v-2s®v+2st x)z+ (1+s?)z?
In[4]:= Solve[(—2u—2t2u—25t V) X+ (l+t2) X2+ (-2k+2st x)z+(1+sz) z? == 0, z]

1
Out[4]= {{Z - m

(2k-2stx-/((-2k+25t%)?-4 (1+57) (-2ux-2t2ux-2stvx«x’+t?x?)])},

25 ——(2k-2stx+
2 (1+52)

V{(-2k+2st x)? -4 (1+5?) (—2UX—2'[2UX—ZSIVX+X2+t2X2)))}}

_ _ av+asiv+btvsestyv
In[5]:= S|rrp||fy[s (tu+sv)+v /. u- e Y ]
-l+bs-ast -

(-1+bs) <1+Sz+t2) Y,

Oout[5]= —
l-bs+ast +t2

(-1+bs) (l+32+t2)v

Hence, kis -
l-bs+ast +t?2
infg]:= Si m)lify[
1-(2k)"(-2) ((-2k+2st x)?-4 (1+s?) (-2ux-2t%ux-2st vx+x*+t?x?))]

1
oute: —X (2kst -2 (1+52) (1+t2) u-2stv-2s3t v+x+32x+t2x)
k2

In[7]:= Series[—Vl—X, {X, 0, 4}]

X X2 X3 5x4
ou7 -1+ — +—

+— 4 +O[X]5
2 8 16 128

ing;= Fact or [2kt $-2(s"2+1) (u+t (tu+sv)) /.

->

{ av+asiv+btvaestv ’ (-1+bs) (l+sz+t2)v}]
u- , -
-l+bs-ast -t2 l-bs+ast +t?

2 (a+asz+bt +St) (1+Sz+t2> %

Out[8]= —
-l+bs-ast -t?
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2 (a+a32+bt +st) (1+52+t2)v

In[9]:= 0 :=-
-l+bs-ast -t?

DO:=s""2+t"2+1

In[10]:=
(-1+bs) (1+52+t2)v
In[11]:= k:=-
l-bs+ast +t?
Alis
_ _ av+as?v+btvestyv
In[12]:= Srmhfy[—(u+t(tu+sv))/k/.Ua ]
-l+bs-ast -t?
a+bt
Out[12]=
1-bs
A2is
na- Sinplify[DO/ (2k (SA2+1)) +C0A2/ (8kA3 (572 +1))]
out[13]= ((—1+bs-ast —tz) (1—2bs+a2 (1+52> +2a(b+s)t +t2+b? (52+t2)))/
(2 (—l+bS)3(l+82+t2>V)
Her e,
4= Factor [((s™2+t7"2+1) (1-bs)?2+ (as"2+ts+bt +a)"2)]
ouiia= (1+8?) (1+a®-2bs+a’s®+b?’s?+2abt +2ast +t?+b*t?)
A3is
nisi- Sinplify[200D0/ (8kA3 (s72+1)) +C0A3/ (16 kA5 (sh2+1))]
out[15]= —((a <1+52>+(b+s)t) (1—bS+aSt +t2)2

(1-2bs+a® (1+s?)+2a (b+s)t +t?+b? (52+t2)))/
(2 (-1+bs)® (1+82+t2>2V2)
Adis

naer= Simplify[
D0"2/ (Bk”3 (s"2+1)) +3C0"2D0/ (16 k"5 (s"2+1)) +5C0"4/ (128k"7 (s"2+1))]

out[16]= ((1—bs+ast +t2>3
(-5 (a(1+5%) + (b+s)t) -6 (-1+bs)? (a(1+s?)+ (b+s)t)” (L+s?+1?) -

(-1+bs)? (1+Sz+t2)2))/ (8 (-1+bs)’ (1+82) (:|.+Sz+t2)3v3

ni7= Fact or [(—5 (a (1+s?) + (b+s)t)4—
6 (-1+bs)? (a (l+SZ) + (b+s) t)z (1+52+t2) -(-1+bs)*? (l+82+t2)2)]

out[17]= —(1+32) (1+a2—2bs+a232+b232+2abt +2ast +t2+b2t2)
(1+5a*-2bs+s?+10a’s?+b?s*-2bs®*+5a*s* +b?s*+10abt +
10ast +10abs’t +10as®t +t?+5b*t?+8bst?+5s?t%+b?s”t?)

ThereforeAdis



In[18]:=

Out[18]=

In[19]:=

In[20]:=

In[21]:=

Out[21]=

In[22]:=

In[23]:=

out[23]=

In[24]:=

Out[24]=

In[25]:=

out[25]=

In[26]:=

Out[26]=

In[27]:=

Oout[27]=

In[28]:=

out[28]=
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(1-bs+ast +t2)3 (1+a2—2bs+a232+b232+2abt +2ast +t2+b2t2)
(1+5a2—2bs+52+10a252+b252—2bs3+5azs4+bzs4+10abt +10ast +10abs?t +

10asdt +t2+5b2t2+8bst2+552t2+b252t2)/(8 (1-bs)’ (1+32+t2)3v3)
Expand[(1+5a°-2bs+s?+10a’s?+b*s?’-2bs®+5a°s*+b?s*+10abt +

10ast +10abs’t +10as’t +t?+5b°t?+8bst?+5s”t%+b?s”t?) -
((s"2+t"2+1) (1-bs)*"2+5 (as™"2+t s+bt +a)"2)]

0

Proposition3.3

A2:=CT/ (1-bs)

A3:= (DT+sCT1A2) / (1-bs)
Expand [A3]

CTCTls DT

(1-bs)? +1—bs

Ad:= (ET+sCT1A3+sDI1A2+s"2c2A272) / (1-bs)
Expand [A4]

c2CT2s?2 (CTCT1?s?2 CT1DTs CTDTls ET

+ + +

.
(1-bs)® (1-bs)® (1-bs)?2 (1-bs)2 1-bs

Sinmplify[as®"2+ts+bt+a/. t - (1-bs)T-as]

-(-1+bs) (a+ (b+s) T)
Sinplify][

(a”"2+b"2)s”"2+2 (at -b)s+ (b*"2+1)t"2+2abt +a”"2+1 /.t - (1-bs) T-as]
(-1+bs)? (1+a*+2abT+ (1+b%) T?)

Here R[T] :=1+a*+2abT+ (1+b?) T

Solve[{(sCT1CT+ (1-bs)DI)RT=2 (a+ (b+s) T) CT*2}, s]
-2aCT?+DITRT-2bCT?T

{{s- }
-CTCT1LRT+bDITRT+2CT?T

t hi s denomi nator i s W: = b S+ CKbecause

Expand[b (DTRT-2 (b T+a) CTA"2) +CTKT /. {KT > (2 (b”2+1) T+2ab) CT-RT CT1}]
~CTCTLRT+bDTRT+2CT?T

Sinmplify[(s*"2+t"2+1) (1-bs)*"2+5 (as"2+ts+bt+a)?r2/.t > (1-bs)T-as]

(-1+bs)? (1+s*+5 (a+ (b+s) T)?+ (as+ (-1+bs) T)?)
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In[29]:=

Out[29]=

In[30]:=

In[31]:=

In[32]:=

out[32]=

In[33]:=

Out[33]=

In[34]:=

In[35]:=

In[36]:=

In[37]:=

out[37]=

In[38]:=

In[39]:=

In[40]:=

In[41]:=

In[42]:=

In[43]:=

In[44]:=

In[45]:=

Col | ect [Cancel [RT"2 (1-bs)"3
(A4 -A273 (1+s*+5 (a+ (b+s) T)?+ (as+ (-1+bs) T)?) /RT*2)], s, Sinplify]

ETRT?-CT® (1+5a*+10abT+T?+5b? T?) +
s (CTLDTRT?+CTDTL1RT?-2bETRT?-8CT°T (a+bT)) +
s? (c2 CT?RT? + CT (CT1? - b DT1) RT? +
b (-CTLDT +bET) RT?-CT® (1+a*+2ab T+ (5+b?) T?))
s:=ST/W

Z1:=RTA2W"2 (1-bs)"3
(A4 -A273 (1+s*+5 (a+ (b+s) T)?+ (as+ (-1+bs) T)?) /RT"2)

Col | ect [Cancel [Z1], {ET, DT, DT1, CT}, Sinplify]

C2 CT? RT?2 ST? + CTCT12 RT? ST? + CT1 DT RT? ST (-b ST+ WI') + CTDT1 RT2 ST (-b ST + W) +
ETRT? (-b ST+WI)?+CT® (-ST? (1+a*+2abT+ (5+b?) T?) -
8STT (a+bT)W - (1+5a*+10abT+ (1+5b?) T?) W?)
As for the coefficient of CT"3,
Expand[ (-ST? (1+a*+2ab T+ (5+b?) T?) -

8STT (a+bT)W-(1+5a”+10ab T+ (1+5b?) T?) W?) +
(WF'"2+STA2+5 (AWM + (b WF+ST) T)A2+ (aST- (W-b ST) T)"2)]

0
W : = b ST + CT KT
ST:=DTRT-2 (bT+a) CT"2

ZT :=KT*"2 (RTET-CT*3) + RTKT DT (DT1RT-3 (b"2+1) TDT) +DT*"2 RT
(-ab (2KT+TKT1l) -2 (a2 +1) (b"2+1)CT+ ((a”2+1)c2+ (b"2+1)c0) RT) +
2RTCT ((bT+a) (DTKTLCT+DTKTCT1-DT1KTCT) -bDTCTKT) +4CT"*"4 (bT+a)
(((@a”"2-1)c2+ (b"2+1)cO0) (bT+a)-(1/2)aclRT1l+2a (c2-c0)-bcl)

Expand [

{Cancel [Z1] -RTCT*2ZT /. {KT -> RTLCT-RTCT1, KT1 ->2 (b"2+1) CT-2C2RT}} /.
{RT -> (b"2+1) T"2+2abT+a”2+1, RT1 ->2 (b"2+1) T+2ahb,
CT->c0 +¢c1T+c2T"2, CT1 ->cl1+2c2T}]

{0}

Lemmma 3. 4
LTD: =4 ET
LTDl1 : = 3ET1

LTC: =3DT
LTCL:=2DT1

LTR: =4 (bT+a) CT
LTa:=2c0+clT
LThb: =CT1

LTbTa:=2CT
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ne= LTRL: =4bCT+2 (bT+a) CT1

na71= LTK: =3 RT1DT-2RTDT1+2CT (2bCT- (bT+a) CT1)

n4gi= LTKL : =6 (b2"2+1) DT-2 (d2+3Td3) RT+4 (bcl-2ac2)CT
ngoj= LTcO0:=3d0+d1 T

msop= LTel :=2d1+2d2T

1= LTe2 1 =d2+3d3 T

ns21- ST1:=DTART+DITRT1-2bCTA2-4 (bT+a) CTCT1

3= WIL @ = b ST1 + CT1 KT + CT KT1

4= LTS = RTLTD+ DT LTR-2 LTbTaCT*"2-4 (b T+a) CTLTC

inissi= LTW: = STLTb +b LTS+ KT LTC+ CT LTK

nsel- Expand [ {KT (WF LTS - STLTW +2 ST (WF ST1 - STWI1) -4 CT ZT /.
(KT -=> RTLCT-RT CT1, KT1 ->2 (b"2+1) CT-2c2RT}} /.
(RT-> (b"2+1) TA2+2abT+ar2+1, RT1->2 (b"2+1) T+2ab,
CT->c0 +c1T+ Cc2TA2, CT1 ->cl+2c2T}]

ousel= {0}
Proposi tion 3. 6.
(i)
nis7:= Sionpl i fy [Expand [
ZT/ (c0-c2) /. {(KT->2T (c0-c2), RT-T*"2+1, CT->c0+¢c2T"2, a-0, b->0}1]
o 2DTDTLT (1+72)2-DT? (1+6T2+5T4) -
4 (c0-c2) T? (c0®+3¢c0?¢c2T*+3c0c2® T*+c2° T® - ET (1+T?))

s Col | ect [Expand[z DTDTLT (1+T2)?-DT? (1+6T2+5T*) -
4 (c0-c2) T (c0®+3¢c0%¢c2T?+3¢c0c22 T +c2° TP -ET (1+T?)) /.
{DT > d0+d1T+d2T"2+d3T"3, DI1-5d1+2d2T+3d3T"2,
El'->e0+e1T+e2T"2+e3T’\3+e4T’\4}], T]

ougsgl- ~d0% + (-4 ¢0%+4¢c0%c2-6d0%+d1?+2d0d2+4c0e0-4c2e0) T2+

(-8d0d1+4d1d2+4d0d3+4cO0el-4c2el) T3+
(-12¢0°c2+12c0%c2®-5d0*-2d1%-4d0d2 +

3d22+6d1d3+4c0e0—402e0+4cOe2—402e2)T4+

(-8d0dl1+8d2d3+4cOel-4c2el+4cO0e3-4c2e3)T°+
(—12002022+1200c23—3d12—6d0d2+2d22+4d1d3+5d32+4c0e2—4c2e2+

4cOed4-4c2e4) T+ (-4d1d2-4d0d3+8d2d3+4c0e3-4c2e3) T+
(-4c0c2®+4c2*-d2*-2d1d3+6d3*+4cOed-4c2ed) T8 +d3? T

(iv)
In[59]:= a0:=s3 g7

neoj= al @ = - (s2g7 +s3 gb6)
ne1= a2 : =s19g7+s2g6+s3g5
ne2;= a3 1= - (g7 +s196 +s29g5+s3g4)
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ne3= a4 :=9g6+s1g5+s29g4+s3g3

nea]= ab = -(g5+s1g4+s2g3+s3g2)

nes)= a6 =g4+s19g3+s2g2+s3gl

neel= a7 @ =-(g3+s19g2+s29gl+s3)

ne7)= a8 :=9g2+slgl+s2

negl= a9 @ = - (gl +s1l)

neop= Sol ve[{al =0, a9 =0, a5-a3 -a7 =0}, {sl, s2, s3}]

oue)= {{sl > -gl, s2 -
-(96 (91g2-93-919g4+95+91g6-9g7)) / (-91g6+93 g6 -9596 +9g7 -g297 +g4 g7),
s3> (07 (-0192+93+91g4-9g5-91g6+9g7)) /
(9196 -9396 +9596 -97 +9297 -94 97) } }

m7o= Gl :=9196-93 96 +9596 -97 +92 97 -g4 g7
m7= & :=919g2-9g3-g1g4+9g5+9lg6-g7
7= S1:=-9g1

g6 &
In[73)= S2 . = ——
Gl
-g7 X
in74= S3: =
GL
in751= a0

ourrsi- - ((9192-93-9194+95+9196-97) g7°) / (9196 - g3 g6 + g5 g6 - g7 + g2 g7 - g4 g7)
n76;= Factor [a0-a2 +a4 -a6+a8-1]
ourre- - ( (9196 -97) (1+91°-292+92°-29193+93°+294-29294+94°+291g5-293 95+
95%-296+29296-29496 +96°-2919g7+29397-29597 +g7?)) /
(9196 -93 96 +9596 - g7 +9297 - g4 g7)
7= Simplify[(1+91%2-292+92°-29193+932+294-29294+94°+291g5-
2939g5+95°-296+29296-29496+96°-29glg7+29397-29597+g7°) -
((91-93+95-97)%+ (1-92+94-96)?)]
ou771= 0

n7el= G3:=-(glg6-g7)

s1 3 s1 2 s1
nrer- Col | ect [(? +Y) -s1 (? +Y) +S2 (? +Y) - S3, Y]

2518 s1s2 2

+

27 3

+S2 | Y+Y8

-S3 +

out[79]= -
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s12 2s1% sl1s2
In[80]:= Factor[4 -|- 3 +S2 /3 N3- |- > + 3 -s3 "2]

outso= - ((9192-93-9g1g4 +g5+91g6-g7)
(-91* g2 g6° + 4 g1% g2® g6° + g1° g3 g6° - 8 g1 g2 g3 g6° + g1° g2 g3 g6° + 4 g3° g6° -
912932 g6% +g1* g4 g6% -8 91292 g4 g6 + 89l g3 g4 g6° - g1 g3 g4 g6° +
4 912 g42 g6% - g1° g596°% + 891 g2 g5 g6 - g1° g2 g5 g6° -8 g3 g5 g6° +
291293 9596° -89l g4 g59g6° +g1% g4 g5 g6° + 4 g52 g6° - g12 g52 g6° - g1 g6 +
891292 g6*-89g19g3g6* +g1®g3g6*-8gl?g4 g6*+89glg5g6*-g1®g5g6*+
4912 g6° +49g1°g62 g7 -17 91 g2 962 g7 - g1° g22 962 g7 + 17 g12 g3 g62 g7 -
8g1* g3 96297 + 199129293962 g7 - 18 g1 g32 962 g7 + 4 913 g32 962 g7 +
17 g1® g4 962 g7 + 2 9g1° g2 g4 962 g7 - 19 912 g3 g4 g62 g7 - g1° g4% g6 g7 -
17 g12 g5 g6 g7 + 8 g1* g5 962 g7 - 19 g12 g2 g5 g62 g7 + 36 g1 g3 g5 g62 g7 -
8 913 g3 95962 g7 + 19 g1 g4 g5 g6 g7 - 18 g1 g52 g62 g7 + 4 g1° g52 962 g7 -
16 g1® g6° g7 -891 g2 g6° g7 - g1 g2 g6° g7 +893g6° g7 + 17 g12 g3 g6 g7 +
891949697 +91%g4 96397 -89g5963 g7 -17 91295963 g7 -89l g6* g7 -
8 g1* g6 972 + 45912 g2 g6 972 + 8 g1* g2 g6 972 - 18 g1 g22 g6 g72 -
45919396972 +8913g3 96972 -991 929396 g72-8g13g29g3g6g7?+
27 93296 g7% - 45912 g4 g6 972 -8 g1* g4 g6 g7? + 36 g12 g2 g4 g6 972 +
99g19g3g4969g7°+8g1%g3g4g6g7%-18g1%ga? g6 g7 +459glg5g6 g72 -
89139596972 +99g1 g2 9596 g7? +89g13 g2 g59g6 972 -54 g3 g5 g6 g72 -
991949596 97°-8g13g4g59g6 g72+27 g52 g6 g72 + 62 g12 g62 972 -
17 g12 g2 g6° g7? - 45 g1 g3 g6 g7% + 17 g1? g4 g62 g72 + 45 g1 g5 g62 972 +
4963 9g72+4913g7°-27919297°-89g1%g29g7% +2791g22g7%+4913g22g7°+
279397°-2792939g7°+27919g4g7°+89g1%g4g7%-549192g4g7°-
891%9294g7°+279394g7°+2791 g4 g7°+491%ga2 g7 -279597° +
27929597°-27949597°-72919g6g7°+45919g29g6g7%+2793g697° -
459194 g6 g7° - 27 g5 96 g7° + 27 g7* - 27 g2 g7* + 27 g4 g7*) ) /
(27 (9196 -93 g6 + g5 g6 - g7 + g2 g7 - g4 g7)°)
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In[81]:=

n[82]:=

In[83]:=

In[84]:=

n[85]:=

In[86]:=

In[87]:=

n[88]:=

In[89]:=

Out[89]=

In[90]:=

In[91]:=

out[91]=

In[92]:=

Out[92]=

(C7/

gl:

g2 :
93:
g4 :
g5:
g6 :
g7:

Gl

= -g1% g2 g6% +4 912922 g6°% + 913 g3g6°-89g1g29g3g6°+9g13g29g3g6°+4g32g6°-
912 932 g6 +g1% g4 g6%-8912 g2 g4 g6° + 891 g3 g4 g6° - g1° g3 g4 g6° + 4 g12 g4? g6° -
912 g5 96° +8 g1 g2 g5 g6° -g1% g2 g596°-8939596° +2gl?g3g59g6°-8glgdg5g6® +
913 g4 g5 g6° + 4 g52 g6° - g12 g52 g6° - g1* g6% + 8 g12 g2 g6* - 8 g1 g3 g6* + g1° g3 g6* -

8 912 g4 g6* +8 g1 g5 g6* - g1% g5 g6* +4 g12 g6° + 4 g1° 962 g7 - 17 g1° g2 g6° g7 -

913 922 g62 g7 +17 g1?2 g3 g62 g7 -8 gl* g3 962 g7 + 19 g1 g2 g3 g62 g7 - 18 g1 g32 g62 g7 +
4 91® 932962 g7 + 17 g13 g4 g62 g7 + 2 g1° g2 g4 g62 g7 - 19 g12 g3 g4 g62 g7 -

912 g42 g62 g7 -17 912 g5 962 g7 + 8 g1* g5 g6 g7 - 19 g12 g2 g5 g62 g7 + 36 g1 g3 g5 g6° g7 -
89129395962 g7 +19 g1? g4 g5 g62 g7 - 18 g1 g52 g62 g7 + 4 g13 952 962 g7 -

16 913 g6°g7-891 92963 g7-91%39296° g7 +893963g7+17 9129396397 +
8919496397 +91%g4 96397 -89596°g7-179129596°g7-89gl1g6*g7-89gl*g6g7?+
459129296 g7% +891* g2 g6 972 -18 912 g22 g6 g7% - 4591 g3 g6 972 +8g1° g3 g6 g72 -
991929396972-891%g29g3g6g72+27932g6g72-459g1%2g4g69g72-8gl1*g4g6g7?+
36912929496 972+991 939496972 +8913g3 g4 g6 g7%-18gl2 g4? g6g72+
45919596 972-891%g596 972 +991 929596 g7% +891° g2 g5 96 g7 -54 93 g5 g6 g7? -
991949596972-891%g4g5g6g72+27 95296 g72 +629g1%g62g72-17 g12 g2 g62 g72 -
45 g1 g3 962 g7% +17 g1% g4 962 972 + 4591 g5 962 g72 + 4 6% g7% + 4 913 g7° -
279192973-891392 973 +27 91922973 +4 913922972 +279397°-279293 973+
27919497°+891%9g4g7°-5491929497°-89g1%g2g4g7%+2793g4g7°+

2791942972 +4913942g7°-279597%+27929597°-279495973-729196g7°+
4591929697 +27 9396973 -4591 9496 g7°-279596 973 +2797*-2792g7* +27 g4 g7*

= SymetricPol ynom al [1, {x1, x2, x3, x4, x5, x6, x7}]
= SymmetricPol ynom al [2, {x1, x2, x3, x4, x5, x6, x7}]
= Symmetri cPol ynomi al [3, {x1, x2, x3, x4, x5, x6, x7}]
= SymetricPol ynom al [4, {x1, x2, x3, x4, x5, x6, x7}]
= Symmetri cPol ynom al [5, {x1, x2, x3, x4, x5, x6, x7}]
= Symmetri cPol ynomi al [6, {x1, x2, x3, x4, x5, x6, x7}]
= SymetricPol ynom al [7, {x1, x2, x3, x4, x5, x6, x7}]
/. (X151, Xx2-5-2, X352, X453, X554, x6 - -10, x7 ->1/10}

2436076

(€7

5
/. {X1-1, Xx2-5-2, X352, X453, X554, x6 - -10, x7 ->1/10}

664

out[90]= ——

&3

/. (X151, x2-5-2, X352, X453, X554, x6->-10, x7->1/10}

27382

4

25
/. (X151, x2-5-2, X352, X453, X554, x6->-10, x7->1/10}

4831113262058 724096

15625



In[93]:=

out[93]=

In[94]:=

out[94]=

In[95]:=

out[95]=

In[96]:=

out[96]=

In[97]:=

out[97]=

n[o8]:=

Out[98]=

n[o9]:=

Out[99]=

In[100]:=

out[100]=

n[101]:=

out[101]=

n[102]:=

Out[102]=

In[103]:=

out[103]=

n[104]:=

Out[104]=

In[105]:=

ouosl= { {X > -10. },

a0 /.
382464
609019

al /.
0

a2 /.
2505121816
15225475
a3 /.
3662378874
3045095

a4 /.
29627935751
15225475
a5 /.
5493568311
6090190
a6 /.
14502 009 729
60901900
a7 /.
1831189 437
6090 190
a8 /.
4181509819
60901 900

ag /.
0

{Xx1-1, x2 - -2,

{Xx1-1, x2-> -2,

{X1-51, x2 - -2,

{Xx1-1, x2 - -2,

{Xx1-1, x2-> -2,

{Xx1 -1, x2 - -2,

{x1-1, x2-> -2,

{Xx1 -1, x2 - -2,

{Xx1-1, x2-> -2,

{Xx1-1, x2-> -2,

X3 - 2,

X3 - 2,

X3 - 2,

X3 - 2,

X3 - 2,

X3 - 2,

X3 - 2,

X3 - 2,

X3 - 2,

X3 - 2,

X4 » 3,

X4 - 3,

X4 - 3,

X4 » 3,

X4 - 3,

X4 » 3,

X4 - 3,

X4 - 3,

X4 » 3,

X4 » 3,

X5 - 4,

X5 - 4,

X5 5 4,

X5 - 4,

X5 - 4,

X5 = 4,

X5 - 4,

X5 - 4,

X5 = 4,

x5 - 4,

X6 » -10,

X6 » -10,

X6 » -10,

X6 » -10,

X6 » -10,

X6 » -10,

X6 » -10,

X6 » -10,

X6 » -10,

X6 » -10,

X7 » 1710}

x7 » 1710}

X7 » 1710}

x7 » 1710}

X7 » 1710}

X7 » 1710}

X7 » 1710}

X7 -»1/710}

x7 » 1710}

x7 » 1710}

check-fifth.nb |9

ab-a3-a7/. {x1-1, x2-»-2, x3-52, x4-53, X554, x6->-10, x7->1/10}

0

a0-a2+a4-a6+a8-1/. {x1 -1, x2-»-2, x3»2, X453, x5-4, x6 > -10, x7>1/10}

2374252147
1218038

NSol ve[ (a0 +al X+a2 X*"2 +a3 X"3 +a4 X4 +
ab X"5+ab X*"6+a7 X "7 +a8 X*"8+a9 X9+ X {10} ==0/
{Xx1 -1, x2>5 -2, X352, X453, x5-4, x6-»-10, x7->1/710}),

(X > 0.13882},

{X> -2.1},
{X-> 1.},

(X -0.0519793},
(X 1.813167,

{X-0.1},
{X-> 2.1},

{X-> 3.},

(X5 4.1)
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Lemma 3. 8

nosl= Solvely ==aXx +b (x*"2+y"2), y]

1+\/174abx74b2x2

Jolye 26 J)

1—\/1—4abx—4b2x2
2b
ou107]= & X + (b+a2b) x2 + (2ab2+2a3b2) x3 + (b3+6a2b3+5a4b3) x4 +0[x]°

17J174abx74b2x2
2b

Out[106]= {{y -

nfo07)= Seri es[ , {x, 0, 4}]

nposl= P[X] :=¢cOX"2+¢c2y"2+d0OX"3+d1lx"2y+d2xy"2+
d3y"3+e0x"4 +elx"3y+e2x"2y"2+e3xy"3+edynd /.
{y->ax+ (l+a”2)bx*"2+2ab”r2 (1+an2) x*"3+ (1+a”2) (L+5a”2) br3x"4}

inpog)= Coef ficient [P[x], X, 2]

out[109]= c0+a%c2

niop= Coef ficient [P[x], X, 3]

oupio- 2abc2+2a%bc2+d0+adl+a?d2+a’d3
1= Coef ficient [P[x], X, 4]

out[111]= b2c2+6a2b?c2+5a*b%c2+bdl+a’bdl+2abd2+
2a®bd2+3a’bd3+3a*bd3+e0+ael+a’e2+a®e3+a*esd

The pr oof of Theorem2. 5.

Toderivetheexplicit formof NT, weidentifyZTwithafunctionZT[u],
or ZT[T] whereuand Tarevariablesfor differentiation inL TandinT,
respectively. (uisafictional variablefor L_T).

Therefore, LTZ: L_T[ZT]is givenby

npizp= ZTu[u] :=ZT /. {KT - KT[u], RT - RT[u], ET » ET[u],
CT - CT[u], DT » DT[u], DT1 - DT1[u], b->b[u], a-»af[u], KT1 » KT1[u],
c2-»c2[u], cO->cO[u], CT1>>CT1[u], cl->cl[u], RT1 > RT1[u]}

in113)= LTZ : = D[ZTu[u], u] /.
{KT' [u] » LTK, KT[u] » KT, RT' [u] » LTR, RT[u] » RT, ET' [u] » LTE, ET[u] - ET,
CT' [u] » LTC, CT[u] »CT, DT' [u] » LTD, DT[u] -» DT, DT1' [u] -» LTD1, DT1[u] -» DT1,
b' [u] »LTh, b[u] » b, a' [u] »LTa, a[u] »a, KT1' [u] » LTK1, KT1[u] -» KT1,
c2' [u] »LTc2, c2[u] »c2, cO' [u] »LTcO, cO[u] »cO, CT1' [u] » LTC1,
CT1l[u] » CT1, c1' [u] »LTcl, cl[u] »cl, RT1' [u] »LTRLl, RT1[u] -» RT1}

Z' [T]lisgivenbythefoll owingZTl:

siia= ZTT[T] : = ZT /. {KT » KT[T], RT » RT[T], ET » ET[T], CT » CT[T],
DT - DT[T], DT1 » DT1[T], KT1 - KT1[T], CT1 » CT1[T], RT1 » RT1[T]}

niisi- ZT1: = D[ZTT[T], T] /. {KT' [T] - KT1, KT[T] » KT, RT' [T] - RT1,
RT[T] » RT, ET' [T] » ET1, ET[T] » ET, CT' [T] » CT1, CT[T] = CT,
DT' [T] » DT1, DT[T] » DT, DT1' [T] » DT2, DT1[T] » DT1, KT1' [T] = KT2,
KT1[T] » KT1, CT1' [T] »2c2, CT1[T] - CT1, RT1' [T] - RT2, RT1[T] -» RT1}

The explicit formof N[T]isthefollow ng:



check-fifth.nb |11

nis= NT: = -5 RTKTA2 ET1 (RTDT-2 (b T+a) CT"2) +DT"3RTB1 +2DT"2 DTLRT"2B2 -
DTA2 RTA2KT ((3d3T+d2) (5RT- (b"2+1) TA2) + (d1T+3d0) (b"2+1)) +
DT"2B3+2 (bT+a) DTDTLRTCTB4+10 (bT+a) DTDT2 RTA2 KT CTA2 +
DTB5-4 (b T+a) DTLRTKTCTA3 (5 (b T+a) CTL+2Db CT) +
4 (bT+a) CTA4KT (3d0B6+d1 B7 +d2B8-3d3TBY) +4CT"4B10

n117)= Bl : = KT (42 (b"2+1) RT-20 (a*"2+b"2+1)) -
4c2RT (3abRT-2 (a”"2+b"2+1-a”2b”"2) T+2ab (a"2+1)) +
2 (b"2+1)CclRT (3RT+4abT+4a”"2+4) -4 (b"2+1) RTRT1cO

gy B2 1= - (4 (b"2+1) T+5ab) KT- ((b"2+1) TA"2+a”2+1) KT +
4 (@a*2+1) (b"2+1)CT-2 ((a”2+1)c2+ (b"2+1) cO) RT

niop= B3 :=KT"2 (-4aRTCT1+12 (b"2+1) (bT+a) TCT+

8ab (bT+a) CT+12bRTCT+2bRT (2c0+cl1T)) +

KTKTL (4abT (bT+a)CT-12 (bT+a) RTCT+bTRT (2c0+cl1T) +aTRTCT1) +

KT (-4a (b"2+6) RTCT"2- (18 (b"2+1) T(bT+a)+16ab (bT+a)-4b (a”"2+1))
RTCTCT1+8 (a*"2+1) (b"2+1) (bT+a) CT"2 -
8(bT+a) ((a"2+1)c2+ (b"2+1)cO0)RTCT+4abT (bcl-2ac2) RTCT+
4a (b”"2+1) (2cO0+cl1T)RTCT-2ac2 (2c0+clT) RT"2-2bcOCT1RT 2 -
12 (b"2+1) (bT+a) TRT1ICT*"2-8ab (bT+a) RT1CT"2-4 (bT+a) RTRT1CTCT1 +
AbRTRT1CT"2-4 (bT+a) RT"2CT17r2-8c2 (bT+a) RT"2CT+4bRT*"2CTCT1) -

2(bT+a)KTICT (2abTRT1ICT+5RT1RTCT +6 RT*2 CT1) -

4 (bT+a) KT2RTCT*2 (RT+abT) -

8 (a"2+1) (b"2+1) (bT+a) RTICT"3 +

8 (bT+a) ((a”"2+1)c2+ (b"2+1) cO0) RTRTLCT 2 -

8 (a"2+1) (b"2+1) (bT+a) RTCT"2CT1

nzop- B4 =2 (3 (b7"2+1) T+5ab) KTCT+5RTKTCT1+2 ((b”"2+1) TA2+a”2+1) KTLCT -
8 (a”2+1) (b"2+1) CTA2+4RTCT ((a?2+1) c2+ (b”"2+1) cO)

2= B5: =9 CTA"2KT*"3 +KT"2CT*"2 (6RT1CT+4RTCT1+8b (bT+a)CTr-8 (bT+a)”*2CT1) -

8 (bT+a)"2KTKT1CT"3 +

KTCT"2 (-8 (bT+a) (bcl-2ac2) RTCT-8b (bT+a) RTCTLCT+8b"2RTCT"2 -
4b (bT+a) RTCTCT1-48 (bT+a)?2CT ((a”2-1)c2+ (b”2+1) c0) +
24acl (bT+a) RTI1CT-48 (bT+a) CT (2a (c2-c0) -bcl) +
12 (bT+a)"2RTCT1"2-8b (bT+a) RT1CT*2+8 (bT+a) "2 RT1CTCT1 +
16c2 (bT+a)?"2RTCT-8b (bT+a) RTCTCT1) +

8 (bT+a)?"2KT1CT"3 (RTLCT+3RTCT1) +8 (bT+a)"2 RTCT"4 KT2 -

16b (bT+a) RTCT"4 ((a”"2-1) c2+ (b”"2+1) cO) -

32 (bT+a)?"2RTCT*"3CT1 ((a”"2-1) c2+ (b"2+1) cO) +

16a(bT+a) RTRT1cl1CT"3CT1+4abRTRT1c1CT "4+

8a (b"2+1) (bT+a) RTc1CT*"4-8bRTCT"4 (2a (c2-c0) -bcl) -

32 (bT+a) RTCTA3CT1 (2a (c2-c0) -bcl)

nezp= B6:=-(b”"2+1) (bT+a) +2a

ne3= B7 i == (b”"2+1) T(bT+a) +aRT1+2 (aT+b)

np2a= B8 :=-(a”"2-3) (bT+a)+aTRT1-4a-4(bT+a) RT
mes= B9 = (a”"2-1) (bT+a)+2a+4 (bT+a) RT
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2= BlO ;= KTA2 (2bCT-4 (bT+a) CT1) -2 (bT+a) CTKTKTL +

KT (aRT1cl1CT-4 (bT+a)CT ((a”2-1)c2+ (b”"2+1)c0) -4a (c2-c0) CT+
2bclCr-2a (bT+a)?2c2 (2c0+cl1lT)-2b (bT+a)”2cO0CT1+
2ab (bT+a)clCT+a(bT+a)"2cl1CTl+(1/2) (bT+a) RT1cl (2¢c0+cl1T) -
2(bT+a) (c2-c0) (2¢cO0+cl1T)+ (bT+a)clCTl) +

8b (bT+a)”2 ((a”"2-1)c2+ (b"2+1)c0) CT"2 +

16 (bT+a)”3CTCT1 ((a”"2-1)c2+ (b"2+1) cO) -

8a (bT+a)?"2RT1clCTCTl-2ab (bT+a) RT1cl1CT*2-

4a (br"2+1) (bT+a)"2clCrT*"2+4b (bT+a) CT*"2 (2a (c2-c0) -bcl) +

16 (b T+a)*2CTCT1 (2a (c2-c0) -bcl)

Ont he ot her hand, thedefinitionof N[T]isgivenbythefollow ng:
in27p= NTdef @ = -KT (LTZ-KT*A2 RTLTE) -2 ST ZT1

inizsl= Expand [ {NT - NTdef /. {KT -> RT1 CT - RT CT1,
KTl ->2 (b"2+1) CT-2c2RT, KT2 ->2 (b"2+1) CT1-2c2RT1}} /.
{RT -> (b"2+1) T"2+2abT+a”2+1, RT1->2 (b"2+1) T+2ab,
RT2 ->2 (b"2+1), CT->c0 +¢c1 T+ c2T"2, CT1 ->¢c1+2c2T, CI2 ->2c2,
DT ->d0+d1T+d2T"2+d3T"3, DT1 ->d1+2Td2+3d3T"2, DI2 ->2d2 +6d3T}]

our2gl= {0}
nizop= Sionpl i fy[Coefficient [{NT /. {KT -> RT1CT -RTCT1,
KTl ->2 (b"2+1) CT-2Cc2RT, KT2 ->2 (b"2+1) CT1-2Cc2RT1}} /.
{RT -> (b"2+1) T"2+2abT+a”2+1, RT1 ->2 (b"2+1) T+2ahb,
RT2 ->2 (b"2+1), CT->¢c0 +¢c1T+¢c2T"2, CT1 ->cl+2c2T,

CT2->2c2, DT->d0+d1T+d2TA2+d3T"3, DT1 ->d1+2Td2+3d3T"2,
DT2 ->2d2 +6d3T, ETL»el+2e2T+3e3T 2+4e4T73}, T, 14]]

o129} {720 (-2bc2? + d3 +b? d3) (2 b5c2 (-2c0c2+ad2) d3+
4b%c2 (-2c0c2+c2’°+ad2)d3+2bc2 (-2¢c0c2+2c2®+ad2) d3+
b®c0d3?+ (cO- (1+a%) c2) d32+ (1+b?)?c1? (-c2°-2bc2d3+ed«b?ed) -
(1+b%) cl (b*d2d3+2b? (-3ac2®+d2) d3+ (-2ac2”+d2)d3-
2b (c2®°d2+ad3’-2ac2e4) -2b% (c2°d2+ad3?-2ac2ed)) +
b? (cO (4c2*+3d3%) -2c2 (2¢c2*+2ac2®°d2+d3”*+3a%d3’-2a%c2ed)) +
b* (cO (4c2*+3d3%) -c2 (4ac2®d2+d3°+a? (5d3°-4c2e4))) )}



